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Introduction

This 15 one of a series of four books supportinge the Cambridire Incernational
AN & A Level Further Mathematics 9231 svllabus for examination from
20200 1t 15 preceded by five books supporting Cambridge International Al &
A Lewvel Mathemarics 9709, The five chapters in this book cover the further
probabalivy and statsues required Lor the Paper 4 examnauon, Tlus parl of
the series also contains two books tor turther pure mathematics and one
book tor turther mechamoes.

These hooks are hased on the highly successtul series tor the Mathemarics
in Education and Industry (MEIL svllabus in the UK bur they have been
redesicned and revised for Cambridge International studencs; where
appropriate, new matertal has been written and the exercises contun many
past Cambridge Internanonal cxamnaton questions. An overvicw of

the units making up the Cambridge International syllabus iz given in che
following pages.

Throughout the series, the emphasis is on understanding the machemarics as
well as routne calculatons, The vartous exercises provide plenty of scope for
practsing basic techmgues; they also contan ooy typreal exannnation-style
UCSTIOTIS.

The ariginal MEID author ream would like ro thank John do Feu whao has
carried onr the extensive msk of presenting their work in a suitable tarm for
Cambridge International students and [or his many original contributions,
They would also ke to thank Cambrnidee Assessiment International
Educarion for its detailed advice in preparing the hooks and for permission
B0 WSE ITANY PAst CXamination questions.

Rooger Porkess

Neries editor



How to use this book

The structure of the book

This book has been endorsed by Cambridge Assessment International
Education, [v is listed as an endorsed textboaok for students taking the
Cambridee International AS & A Level Further Mathematies %231
syllabus, The Further Probability & Stacsocs syllabus content 15 covered
comprehensively and s presented across five chapeers, offerme a strucrured
route through rhe conrse.

The bool is wrirten an the assumprion thar you have covered and
understood the work in the Cambridge International AS & A Level
bauthemancs 97049 syllubus, imcludmge che probabality und statisties contene.
The tollowing 1o is wsed to indicare marerial that is not directly on the
syllabuas.

There are places where the book goes bevond the requirements of
the syllabus to show how the ideas can be taken further or where
tundamental underpinning work is explored, Such work is marked
a5 exlension.

Lachy chapter 15 broken down e several sections, with cach secuon covering
a single topic. Topics are mtroduced through explanations, with key terms
picked out in red. These are reintorced with plencitul worked examples,
puncruated with commentary, ro demonsorate merhods and illuserarce
application of the mathemartics under discussion,

Eegular exercises allow vou to apply what vou have learned, They offer a
Largre vartety of practice and hopher-order question tvpes that muap o the key
congepts of the Cambridge [ncermanonal syllabus. Look our for the following
1C 0.

@ Problem-solving questions will help vou to develop the abality
o analyse problems, recognise how to represent diflerent sicuations
mathematcally, idenafy and nterpree relevant informanon, and select
appropriate methods.

m Modelling questions provide vou with an intreduction ta the
impaortant skill of mathemarical modelling. In this, vou mke an
evervday or workplace situation, or one that arises in vour other
subjects, and present 1t inoa [orm that allows vou o apply machemancs
ror 1t

(4 Communication and proof guestions encourage vou to become
a maore fuent marh e1matieian, i]ll"i."ll'lg N SO0 to commuanicate WOUT

worl with clear, lagical arguments and to justify your results,




Exercises also nclude questions om real Cambridge Assessinent
Intermational Lducation past papers, so that you can become fanuhar wath the
typas of quastions vou are likely to meerin formal assessmenrs.

Answers Lo exercise questions, excluding longe explanations and prools, are
available online ar wwwhoddereducation.com/cambridgeextras. so vou can
check vour work, Il 15 nuportant, however., that you have o go al answering

the questions before looking up the answers if vou are to understand the
mathemaccs tully.

In addition to rhe exercises, a range of additional feamres are inchaded o
enhance vour learning,

ACTIVITY

LR R R R R R R R N R R R R R R R R R RN RN N R R R R R R RN R R RN R N RN RN R RN RN E RN R R RN RN RN RN TN NE NN

Activities mvite vou to do some work for vourselt, tvprcally to introduce
vou o ideas cha are then going wo be taken further, In some places,
activities are also used to follow up work that has just been covered. >

INVESTIGATION [ real hife ot s ofren the case thar as well as analysing a sitaation or ‘%
prablem, vou also need o carry ont some investigarive worls, This allows
vou Lo check whether vour proposed approach is likely o be ruitful or

to work at all, and whether it can be extended. Such opportumeoes are
marked as Investigations.

Orher helpful tearures include the following.

9‘ This svinbol huehligbns points 10 wall benelil you Lo discuss with
vour leacher or [ellow students, Lo encourage deeper exploration
and mathematical commurmeation. It you are workne on vour
own, there are answers available online at
wwwhoddereducation. com/cambridgeextras,

o This is a warning sign, It is used where o conumon mistake,
mmsunderstandmye or ricky pomt 15 beinge desenibed to prevent vou
from makinge che same error.

A variety of notes are mcluded to ofter advice or spark vour interest:

MNote

MNotes expand an the topic under cansideration and explore the deeper
lessons Lhal emerge from what has just been dane.

Historical note

Historical notes ofler interesting background infermation aboul Tamous
mathematicians or results to engage you in this fascinating tield.




Technology note

Although graphical calculators and computers are not permittedin the
examinations for this Cambridge International syllabus, we have included
Technology notes ta indicate places where working with them can he helpful
for learning and for teaching,

Finally, cach chapter ends with the key points coverad, plus a lise of the
learning outcomes chat summarise what you have learned moa form chat 15
closely related o the svllabus,

Digital support

Comprehensive online support tor this book, meluding further guestions,
is available by subscription to MEDS Integral ¥ anline reaching and learning
plattorm for AS & A Level Mathematics and Further Mathemarics,
intesrraliaths, ore. This online plattorin provides excensive, hrh-gualiey

resources, ncluding printable materials, wnevative mteractive activities, and
tormanve and summative assessimenes. Ouar clexthooks link seamlessly aath
Integral, alleswing von to move with ease berween corresponding rapics in
the eTextboolks and Integral.

MEILs Integral ™ material has not been through the Cambridege International
'L‘-Ill'_:li..:'r."i';."l']']l_"llt R e




The Cambridge International

AS & A Level Further
Mathematics 9231 syllabus

The syllabus contene 1 assessed over four exanunanon papers.

Paper 1: Further Pure . Paper 3: Further Mechanics

Mathematics 1 * 1 hour 30 minuates

* Ihoun o 0% of the AN 1evel: 204 of the

s G0 of the AS Level: 3084 of the A Level

A Lovdd *  Olered as part of AS;

s Compulsory for AS and A Level compulsory for A Level

Paper 2: Further Pure Paper 4: Further Probability &

Mathematics 2 Statistics

* 2 hours * | hour 30 minutes

o 3% ol the A Level o 40t of the AS Level: 2004 of the
M Tevel

¢ Compulsory for A Level; not a
route o AS Level o Offered as part of AS;
compulsory for A& Lewvel

The ih]lnwing rl.iﬂgram ilhastrares the F.-c.t'mitw.r[ combinarions for AS Lewel

and A Level,

AS Level Further A Level Furiher
Mathematices Mathcematics

Paper 1 and Paper 3
Further Pure Mathematics |
and Further Mechames

Paper 1, 2, 3 and 4
Further Pure Mathematics 1 and 2.,
- Further Mechanics and Further
f,,f”j Probability & Statistics

Paper 1 and Paper 4 ~
Further Pure Mathematics 1 el
and Further Probability & Statistics

Prior knowledge

It is expected rhat learners will have studied che majority of the Cambridge
International AS & A Level Mathematics 9709 syllabus content betore
studving Cambrides International AS & A Level Further Mathematics 9231,




The prior knowledge required [or each Further Mathematics component is
shown in the tollowine cable.

9231 Paper 1:
Further Pure Mathennatics 1

Q709 Papers 1 and 3

G231 Paper 2:
Further Pure Mathematics 2

Y09 Papers 1 and 3

G2 Paper 3
Further Mechanics

9231 Paper 4
l'urther Probabiliny & Stanstics

YOG Papers 1,53 and 4

- Y09 Papers 1, 3, 0 aud &

Far Paper 4: Further Probability & Stadsrics, knowledge of Cambridge
International AS & A Level Mathematics 9709 Papers 3 and & Probability &
Statmstics subject content 15 assurned.

Command words

The table below mcludes command words used in the assessment for this
svllabus, The use of the command ward will relace to the subject context,

Claleulace work out from given facts, fiymres or information

Deduce canclude from available intormacion

Derive nbtan somethmg {expressionscquarion/value) from another
by a sequence of logical steps

Describe state the powmtls of a topie 7 give characterisaes and man Leatures

Letermine esrablish wich cercainey

Lvaluate Juidire or caleulate the quality, importance, amnoune, or value
of someching

Explain sel oUt purposes of reasans 7 make the relationships between
things evident 7 provide why andor how and support with
relevant evidence

Identify name/select/recognise

Interprot udentity meamng or sigmificance inrelaton to cthe context

Justify support o case with evidencesargument

Prove confirm the trach of the given statement using a chain of
logical mathematical reasoning

Show [that) | provide structured evidence that leads to a gven result

Sleerch malke a simple freehand drawing showing the kev features

State cxpress i clear terms

WVerity conifirim a given statement/result is true




Key concepts

Koy concepts are essential wdeas that help studenes develop a deep
understandiny of machematcs.

The key concepts are:

Problem solving

Pachemarics is fundamencally problem solving and representing syseems and
madels in different ways, These include:

¥ Alirebras this 15 an essential tool which supports and expresses
matheraical reasoming and provides o means o generalise across a
nuber of contexts.

» Geomerrical rechniques: algebraic represencations alse describe a sparial
relacicnship, which gives us a new way to understand a sicuarion,

¥ Caleulus: this is o fundamental element which describes change in
dyvianne siwattons and underhnes che hoks between functions and sraphs.

» o Mechamical models: these explan and predicr how particles and objects
move or remain stable under the mfluence of forces.

w Sratistical methods: these are used ro quantify and model aspects of the
world around us. Probability theory predices how chance events might

praceed, and swhether assumprions abour chance are justified by evidence,

Communication

Mathematical prool and reasoning is expressed using aleebra and notadon so
that others can tollow cach hne of reasoning and confirm its comnpleteness
and accuracy. Mathematical notation 1= umversal. Each solunion 1s structared,
but praat and problem solving also invite creative and ariginal thinking,

Mathematical modelling

Machemarical madelling can be applied to many different situations and
problems, leading (o predictions and solutions. A variety of mathematical
content arcas and techmgues may be requared to create the model. Once the
model has been created and apphied, the results can be mterpreted to e
predicriems and intormanon about che real world.

These key conceprs are reinforced in the different question types included
in this book: Problem-solving, Communication and proof, and
Modelling.



Continuous random
variables

The control of
large numbers
is possible,
and like unto
that of small
numbers, if
we subdivide
them.

Sun Tzu, ‘*The
Art Of War’
[R4da0-4 P4a0)

You will recall having met probability density functions (PDFs) for
conlinuous random vardables in A Level Mathemadics. To Lnd probabilivies
wane a probabahity denaty funcoon 2] vou need o mtegrate the functon
between the hnnts vou are using:.

SoPla=< X =b)= f"f{x]dx
Haore is a summary of what vou should be able ro do:

¥ use asnople continuous random variable as 4 model

» understand the meammne of a probability densiey funcooen (PR and be
able o use one to tind probubilioes

» lknow and use the properties of @ PIIF
» skerch the graph of a PIOF

#» [ind che:

®  IIEIL

»  Varlanee

e modian

o percenoles

s mode

trom a gven PRI

» use probability density [unctions 1o solve problems,

Awsers fo pxercies are aratlable at wune hadderedusation_com fcambridpeesxtras
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1.1 Piecewise definition of a
probability density function

The definitions of the probabilicy density funceiems char yon have met so
tar only invole single tunctions. Hosever, probability density functions can
have two ar maore separate parts, In chis case, the PIIF is said to be defined
piecewise, The [ollowing example illustraces chis,

Example 1.1

The nunber of hours Nabilah speds each day working in her garden is
modelled by the continuous random varable X, wath PDT a0 defined by

fexe for0=x<3
Fix) = 1k(6—x) for3sx<é6
i otherwise,

li]  Find the value aof k.
liil  Sketch the graph of [{x),

liii)  Firul the probability that Nabilab will work between 2 and 3 hours in
her garden on a randomly selecred day,

Solution

il lo fmd the value of & vou must use the face that the area under che
craph of f{x) is equal to 1. You may find che area by integration, as
showen below,

J;ﬂl}dl’ = j:kxdx+ J:k{ﬁ._ x)dx =1

(5] o) -

Therefore -3¢+ (36k = 18k) - (Iﬂk = %) _
9% = 1
S0 k:%
i) A
L
3 I
|
1
|
| |
| |
| |
| |
| | |
. N\,
S I I T i
& Figure 1.1



MNate

In this case you could have found k& without integration because the
graph of the PDF is a triangle, with area given by _1 = base x height,
resulting in the equation B

é}-:h:x:ﬁ:{ﬁ-—_":j

hence 9k =1

and k=

O =
3

lii] To find P(2 = X = 5), you need to find both P(2 = X < 3) and
P(3 = X = 5) because there is a different expression for each part.

LR N R

LI

P2=X=5=P(2=X<3)+P(3= X =5) :

i & ¥

3 5
= _[E Lides L 16— x)d
e : 2 x27
- [ﬁl + 5~ ﬁ]_._.

_9 4 (10 25\ _(,_1
=18 13*(3 13) (E 2)

= 0.72 to two decimal places.

(B9
EEEE AR AR

Y JO UGaUn) € jo 3JUBILIBA DUE UDIJE)23dX3 3l

Sk EE R E

kAR

The probability that Nabilah works between 2 and 5 hours in her

sarden on a randomly selected day 15 0,72,

ik iR dE R aE

1.2 The expectation and variance of a
function of X

T here are omes when one random varmable 15 a funcoon of another random

B EE R E

& &

wariable. For ..1:;31111~_.I.:::

¥ as purl ol an experimenl you are measurings einpreratures i Celsaus but
then need to convert them to Fahrenheit: F = 185G + 32

LI I A

» vyou are measuring the lengths of the sides of square pieces of material and
deducing their areas: A = L*

»oovou are estimaring the ages, A vears, of hedgerows by counting, the
number, #, of repes of shrubs and rrees in 30 m lengths: A = 1008 — 50,

I BN B A

& & &

In fact, in any situation where vou are entering the value of a random
variable o a fornnoola, the outcome will be another randoin variable thad s

&

4 [uneton of the one you entered. Under these circumstunces vou may necd

n
L]
]
&
L
n
L]
=

to find the expectanion and varnance of such a funcnon of a random varable.

Awpswers fo pxercizes are aeallable at wune hadderedusation_com S cambridpeesxtras
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For a discrete random variable, X, in which the value x occurs with
probability p, the expectation and variance of a function g(X) are given by

E(g(X)) = Zg(x,)p,
var (g(X)) = X(g()) p, - {E(e(x))}

The equivalent results for a continuous random variable, X, with PDF f{x) are

-

E(g(X) = [ alx)f(x)dx

L N

: s
Var (g (X)) = f (g(x)) F(x)dx = {E(g(X))}
All

You may find it helptul to think of the function g{X) as a new variable; say, Y.

Example 1.2 The continuous random variable X has PDF f(x) where

1 CONTINUOUS RANDOM VARIABLES

L RE N R N E N E R NENEREENE.

kex forl =x=2
tix) =34k = kx for2 << x =4
() otherwise,

[i]  Find the value of the constant k.
[iil Sketch y = fix).
liii] Find P(1 = X = 3.5).

LI RN R RN RN

¥

The continuous random variable ¥ = X°.

livl Find E(Y).

LR N R R R R

Solution

0 evax+ | @h—rwyax=1

k[x—T +k[4x —x—T =
2 1 2 2

B2 —0) + k[(16—-8)—(8-2)] = I

idFE R E R

s p i =]

LR E R ERERENRENRNENEHNN:EH:RH:E]
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[ii]  fix)h

P |

o =

ny

0 | 2 3 3
A Figure 1.2
il P(1 = X< 3.5)

= jf%xdx + J-:j(l — %x}dx

Il
| o |
ko
ml 55
| e—xuod|
= [
_l_
| e
=
I
IH
ol
| I |
[ =] Tk
L

0
livl E{Y)= J'Exléxdx+j;x3 (l—%x)dx

I
—
|
=
+
1
=
wa| B
|
o
=
i —
|
—
| 06
|
i
N —
I |

Example 1.3

The continuous random variable X has PDF fix) given by

= :
tﬂ[:f} _l55 for0=x=10
[ otheraise.

[il Find E(3X + 4).

il  Find 3E(X) + 4,

liii] Find Var(3X + 4).

livl WVerify thatVar(3X + 4) = 3Var(X).
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Solution )
Here you are using
=1l
il EGX+4)= [ Gy +4)E5dy ¢— Br00)= [
140 1 .
= I8 m[ﬁx + 42{}1’]:
. I':" xE 1
=
@ - =20+ 4
<
< = 24
- it Here you are using
x : il 3E(X)+4=3] xifdv+d 3
E : . ‘vrar(g{?{}} == f(g{t}} fl:.x']d:n:
: [ 3 ' 2

E : - [mx’}r, o - {E(e(x))}
2 - - and from part [i] you know that
3 : i E(3X + 4) =
z: - 21
55 Notice here that E(3X +4) = 24 = 3E(X) + 4.
= liil To findVar (3X + 4), use

Var(3X +4) = [ "Gx )’ e d— 242 ¢—

LI RN R R R ] &

K
y= | =5 (9% +24x +16x) dx — 576

(1Kl
You then multiply =355 Il}%+ﬁ:!|:" + Bx? i| = 576
out the brackets and v

LR NN RN R KR K] L
(=1

then mulliply by = =

: =_l9:’{m++ﬁxm3+ﬁx1ﬂ?}—5?ﬁ

: S 4

. 1

: =gg %2130 —>76 You may recall from A
: Level Mathematics

- = 50

: E(X) =[x f{x)d

: iv)  Var(X)= E(X2)-[E(X)] X) ﬂl s

- il

E(X?) = [x? f{x)dx

all
values
of x

r"—.xdx E(X)= J-mxi*rdr

E[:X ] I ol
E[K"']=L ﬁxl'dx I:'[K]I:-[:n%xz dx

(RN R R R R &




quq=[ﬁ%xqm Eﬂﬂ=[ﬁ%xqm

0 i

E(X2)=50 E(X)=6.6

Here you are using

Var(X) =50 -6.62 = 5.5 4 ;
Var(X) = B(X?) - [E(X)]"

3War(X) = 9% 5.5 = 50
From part liii), Var(3X + 4) = 50

& —
-
-

So Var(3X +4) = 3 Var(X) as required. : S

1 A random variable X has P12F

0 ke for0l=x<5
f{x] = { k(10 — x) for5=x =10
[ otherwise,

L] LE N RN R NN ] #

Y JO UGJ3Un) B j0 33UBLIEA DUE UDIJE]D

[il  Find the value of the constant k.
[ii] Sketch y = f{x).

liiil Find P{4 = X = 6). ;

2 A random variable X has P1)F "
(x=1(2-x) forl=x<?2 §

f(x) =14 for2=x =4 :

i otherwise. ;

[il  Find the value of the comstant g, :
i) Sketch y = f{x). :
liii] Find P{1.5 = X = 2.5).
livl Find P(|X—-2] < 1).

2 The random variable X has the following P1JE

L LCE R E R R ENEERNENRNEREH~.]

0.01(a+ J.:] for—a=x<0
flx) =30.01{a—x) forl=x =g
(] otherwise,
[i]  Find the value of a. :
i) Find P(3 = X = 5). :
[iii] Find P{| X | < 4).
7
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& A comtinuous random vanable X has the D
) ke for0= x=25
flx) =

N otherwise.

il Find the value of k.
il Sketch the graph of £{x).
Hiil Find E{LXD,

vl Find E{4X — 3} and show that yvour answer is the same as 4E{X} — 3,

&
L
L]

5  T'he cononuous random varable X has L

) 4x forl=x=1
f(x) =

) otherwise.

[l Find E(X).

lii]l Find E(X?).

lili] Find Var(X),

[iv] Werify that E(3X + 1)

[
L

E(X) + 1.

& The number of kilograms of metal extracted trom 10kg of ore from
a certain mine is modelled by a continuous random variable X with
probability density function f{x), where fix) = x(2 -2 if 0= x =2
and f{x) = 0 otherwise, where ¢ 15 a constant.

wn
(11
-
[41]
=
S
-
x
,=+
= -
&= .
.qf
[+ 4
i
=
=
=
=
=
=
Q
Q

L RE N R N E N E R NENEREENE.

Show that ¢ 15 % and find the mean and varnance of X.

LI RN R RN RN

The cost of extracting the metal from 10kg of ore 15 $10x, Find the
expected cost of extracting the metal from 10 kg of ore,

7 A conunuous random variable Y has PDFE

LR N R R R R

7 _
—}43—}'] forl = yp =3
f(y)=15""

i otherwise,

idFE R E R

lil  Find E{Y),
i) Find E(Y?).
liii] Find E(Y?)-(E(Y))".
[iv] Find E(2Y? + 3Y +4).

v) Find _[:[ y—E(¥)) f(y)dy.

Why is the answer the same as chat for pare E

LR E R ERERENRENRNENEHNN:EH:RH:E]
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10

A contimuons random varable X has POE {2, where

12x2(1-x) for0=x=1
fix) =

L otherwise.

[il  Find p, the mean of X,

lil  Find E{6X =7} and show that vour ansswer is the same as GE{X) = 7.
[liii] Find the standard deviation of X

[iv]  What 15 the probability chat a randomly sclecred value of X hes

within one standard deviation of 2

The continuous random variahle X has P1DF

2. g = o
£(x) = 25{7" x) for2=x=7
i otherwise.

The function g(x) is defined by g(x) = 32 + 4x + 7.

[l Find E{X).

i) Find E(g(X)).

liiil Find E(X*) and hence find 3E(X*) + 4E{X) + 7.

livl Use your answers to parts [ii] and [iii] to verify that
E(g(X)) = 3E(X?) + 4E(X) + 7.

A toy company sells packets of coloured plastic equilateral triangles. The
triangles are actually offcuts from the manufacture of a totally different
toy, and the length, X, of one side of a triangle may be modelled as a

random variable with a uniform (rectangular) distribution for 2 = x = 8.

[i]  Find the PDF ol X

[i]  An equilateral criangle of side x has area @, Find the relatonship
between a and x.

liiil Find the probabilicy thar a randomlby selected triangle has area
greater than 15 em?,

Tip: What does this unply abour x?

[iv] Find the expectation and vartance of the area of o triangde,
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‘_ 1.3 The cumulative distribution
B function

500 enter community
half-marathon

There was a record entry
for this year's community
halt-marathon, including
several famous names who
wiere treating it as a training
run in preparation Lor the
Cape  Town  marathon,
Orverall winner — was
Reuben hMhango in | hour
4 minutes and 2 scconds:
the first woman home was 37-vear-old Kagendo Govender in | hour
20 minutes exactly, There were many [un runners but evervbody
completed the course within 4 hours,

$150 prize to be won

Marius Erasmus. chair of the Hall Thne -
Committee, says: “This vear we (hours) Finished (%)
restricted entries to 500 but this meant |
disappointing many people. Next 13 3
year we mitend w allow everybody 1o 11 15
run and expect a much bigger entry. .
In order to allow us to marshal the ]% 33
event properly we need a statistical > 9
made] to predict the tflow of mnners, 1 :
and particularly their fimishing times, 23 37
We are offering a price of S150 Tor 51 .
the best such model submitted. < i
3 91
33 G
4 100




A entrant or the competition proposes a model in which a runner’s lime,
A hours, 1 4 continuons random variable wath PORT

e I 2 - R Ty
f(x) = {E?{.}. {4 — %) for1l=x=4
()

otherwise.

According to this model, the made is at 2 hours, and evervbody’s tinishing
times were between 1 hour and 4 hours; see Figure 1.3,

fc A
1401 -

0.5 1

¥

A Figure 1.3

Iloww does this model compare with the Qgures vou were siven Lo the aciual
raCes

Those figures gave the cumulative distribution, the total numbers
(expressed as percentages) of runners who had finished by certain times. To
obtain the equivalent figures from the model, vou want to find an expression
tor P(X = x).The tuncnon giving P(X = x) 15 called the cumulative
distribution function (CDF), and it 15 usnally denoted by F(x). The best
method of obtaining the comulative distribution function 15 to use indefinite
Integracion.

fix) ik
1.0
[ i) de
0.5 4
D T T h‘
| 4 g

A Figure 1.4
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You want to find the area under y = f{x) up to a particular value of x. So you
write

F(x) = P(X = x)
= ‘[f{:m] dx

= (= 1)(4 = x)dw

%j'{x-* _9x? 4 24x — 16)dx

down an expression Like _
= (.41 to rtwo decimal places,

F(x) = I =1 - 2)2dx

INCORRECT
since a would then be bath a limit

ol the integral and the variable used

within it. To overcame this problem
yau use 3 dummy variable, say, 1, so

that F{x} is now written

Hx) = r .:,i.T{rr =14 — ) dr
s
CORRECT

W
w =
E’ll H
< : =2?(—~c4— +12'-:-—1ﬁ:.)
& :
- 1 . 4 16 2 14
EE —ﬁ.ﬁk _Gl +? —ﬁ‘uﬂ'{'
8
E H But P(X = 1) = (), 50 F(1) = ) and you can use this to find the value of ¢:
& -
W S
o Mo runners finishin 1 i_I_E_ E_+ o sl
g : lessthan 1 hour, so 27 9 9 27
= if x islessthan 1, — r=1
= ¢ | theprobabilityofl s
E i runner finishing in Hence the cumulative distribution function is given by
Q- less than x hours
T | st —[0 for x <1
: All runners finish in F(x) = 4 %x* —%1 + %\:3 - %1 +1 forl=x=4
g less than & haurs, so )
: | ifxisgreaterthan [ 4L tor x = 4.
: 4, the prabability of
g runner finishing It s possible to use definite integration, bur this canses a problem as vou
. - 115-55 el 2 iy cannot use the same letrer for bach a limic of the integral and as the variable
. is 1. & : ) .. .
. bl ilegrration. So you would have to changre the varnable ol integranon,
which 15 a dummy variable as it does not appear in che final answer, to a
ihfferent letter.
: Ter find the proportons of runners finshing by any time, subsoituee char saloe
for x;so, when x = 2
E : F(2)= L2t —3503 416502 Sy 5,
. You wauld not be correct to write (2) = 17 4 4 77




You have
probably met this
shape already
when drawing
cumulativa
frequency curves.

Iere is the complete table, with all the values worked oul,

| Time (howors) | Maodel Runmners

1.00 0,00 0,00
125 (.04 0.03
1,50 0.13 0.15
1.75 | 026 | 033
2.00 041 | 0.49
2,25 0.55 (.57
250 0.69 0.75
300 089 091
3.50 098 | 099
4.00 Loo 100

MNotice the distinenve shape of the curves of these tunctions (Dgare 1.53,
sometimes called an ogive.

IRESN Y

——————— TLITIIRET=

1.0 - — e 3¢

(L8 4

(.6 4

(.4 ~

0.2 H

. I
4 x (hours)

A Figure 1.5

» Do vou think that chis model is worth the $150 prize? If you were on
the organising committee what more might vou look [or in a model?

Properties of the cumulative distribution
function, F(x)

The graphs an the nexr page, Figure 1.6, show rhe probabilicy density
funcrion fx} and the cumularive distribution funcrion Fix) ot a oypical
conlinuous random variable X,

You wall see chat the values of the random vanable always e between a and b
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i) A Filc) A

&
L
L]

N i a b
A Figure 1.6

h—_—_—_—_—_—_—_—_—_

2 |

These graphs illustrate a number of general results for cumulative distribution
functions,

LR R R KN LR N

1 Fix) =10 forx = a, the lower limit of x.
The probability of X taking a value less than or equal to a s zero; the
value of X must be greater than or equal to a.

2 F(x)=1 forx = b the upper limit of x. X cannot take values greater
than b.

3 Ple=X=d) =Fld-F)
Pe=sX=d=PX=d-PX=
Thas 15 very useful when ﬁnding probabilities from a PDF or a CDE

LE R E R N E N EERENENENRHE]

N
(1]
-
fus]
-
3
-
=
=
=]
-
b |
[«
un
-
=
=
=
[
=
=]
o
—

LN R RN ] LR ]

: Fix) A
D Fd)-Fio)

E i i s i b }.;

: Ple=X=4) Fid)

LT fix)h  Fie)

P d 3 E U 4 ¢ o E O 5 P] e

A Figure 1.7
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& The medin, m, sansfies the cquarion i) = 0.5,

P(X = m) = (1.5 by definition of the median.

Fix)h
| .1
0.5
T
l:ll ] m 1 }x- —
1 =
fix)h =
=
=
0 ) m h :E-

A Figure 1.8

5 f(x)=S-F(x) = F'(x)

Since you integrate [0 o obtain Fa9, the reverse must also be e
differentiating F&) gives [,

UaI3UN UeNGIIISIp aAl

6 Iix) 1 a continuons funcron: the graph of p = Fix) has no gaps.

1 Molice the use of lower and upper case lellers here. The probability
density Tunction is denoled by the lower case {, whereas the cumulalive
distribution function is given the upper case E

Z  The cumulalive distribution funclion can be found by inlegrating the
PDF fix). So F(x) = P(X = x) = f f(r) d

3 The term cumulative distribution function’ is often abbreviated to CDF,

Example 1.4 A machine sawes planks of wood to a normmal lenygth. The contimuons random

variahle X represents the error i mallimetres of the acmal lengeh of a plank
coming off the machine. The wariable X has PIIF f{x) swhere

10=x
f{x) = 50
il otherwise

for 0 = x = 10

(il Skerch fix),
(il Find the cumulative disteibution function Fix),
liii) Sketch F(x) for 0 = x = 10, =
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livl Find P(2 = X = 7).
lv]  Find the median value ot X.
A customer reluses w accepl planks [or which the error is ereater than 8 oo,

[vil  What percentage ol planks will he reject?

Solution
[i]  fixl
0.2
]
I
i
I
I
]
0.1 4
I
I
]
I
I
I
I
1 Ll L] 1 1 h
0 2 4 6 8 10 x (mm)
A Figure 1.9
o (10 = u)
[iil F(x)}= J-[I =i dun
e u? |’
= Eﬂ[”}u— 5 :L
5% 100
The full defimition of F(x) 1s:
1) forx <0
= l _L 2 -
Fix) =%~ T ¥ for 0 = x = 10
B for x > 10,
liii] The graph Fix) is shown in Figure 1.10.
Fix)b
1.0 4
0.5 4
1 I L L] 1 *
g 2 4 6 0 x

A Figure 1.10



vl P(2=X=7)=F(7)-F(2)

_[E_jﬂl_[z_;L]
= |5 T (5 T

=091 —0.36
=0.55
lv]  The median value of X is found by solving the equation
F(m) = 0.5

e e
5m HJUm = (5.

This 15 n:armngud to givu

m?=20m+50 =1

20207 — 4 %50
Rl = 2

m =293 (or 17.07, outside the domain for

The median error is 2.93 mm.

X,

[vi] The customer rejects those planks for which 8 = X = 10,

P8 = X = 10) = F(10) - F(8)
=1 -0.96

so 4% of planks are rejected.

Example 1.5

The PIMN of a conanuous random varable X s omven by

% for0=x=4
s (12—x )
f(x) = | g for 4 < x <12
[ otherwise.

[il  Sketch fx).
li]  Fnd the cumulatrve distrbution funcoon P,

liiil  Skerch Fix.

Solution

lil  'The graph of f{x) is shown in Figure 1,11,
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[ii]

fixh g
0.2 1

0.1

0 2 4 6 -3

A Figure 1.11

Forl=x=4, F(x)= L

3]
481,
_x?

T 48
and so F(4) =

T —

For 4 = x = 12, a second ntegration is required:

= [ s [ (2520

B e
=Rt O
b o
2 T317 9
So the full definition of Fx) is
) forx < 0
.
X
—_ forl=x=4
P =1 " 1
N T N
2+4 5 ford =x =12
1 forx =12,

A



liii] The graph of Fix) is shown in Figure 1,12,
Fixk
1.k -
.8 =
1.6 =
0.4 - .
P o
02 - i 8
¥ L] L] L] L] L] L] * E ig-
0 2 4 6 8 10 12 14 * f
+ [
M
A Figure 1.12 8.1
y
Example 1.6 The continuons random wariable X has comularive distribution fuoncrion Fix) : f-;-
given by : ':'
() forx < 2 g
]
F{I}:fxl—l for2=x=6t ';
32 B =
1 for x > 6, : 5
.. &
Find che P1IE fix). 1
: =2
Solution b
: i T
() = g Fi) P
dieee _
= F(x)=10 forx < 2 '
2 = i =% . == = .
f(x) = dxF{x} 16 for2=x=06 :
4 =0 (e :
| dx :

1.4 Finding the PDF of a functionofa
continuous random variable 5

The cunmlarive distribution funcoon lﬁl‘l}V'-lL'lf“;‘. Vo with a stepping srone .
berween the PIOF of g continuous random variable and chat of a lunction of
that wariable. Example 1.7 shows how 1t is done,

ik dEEE R E

1
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Example 1.7 A company makes metal boxes (o order. The basic process consists of culting

four sguares off the corners of 4 sheet of metal, which s then folded and
wrlded along the jeins. Consequently, for every hox there are four square
offcurs of waste metal,

| L

A Figure 1.13

The company is loaking for ways to cut costs and the designers wonder it
atylhing can be done with these square pieces, They decide in the st place
to wvestigace the distribution of thear sizes. A survey of the laree pile i thar
scrap arca shows chat they vary in length up to a maximuam of 2 decimenes.
It is suggested their lengths in decimetres can be modelled as a continuaous
random variable T.owich probabilicy densicy funcrion

f) = i{-—l—!ﬂ for0=1=2

i otherwise,

un
(17}
=l
[44]
-
<
-
x
2
(=]
=
!
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W
-
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=
&
=
=
=]
o

Assume this madel o he accurate.

i) Find che cumulative discriburien function for che length of a square.

liil  Hence derive rhe cumulative discribution function far the area of 3
Se|LTE,

liii]  Find the PDF for the area of a square,

[iv] Sketch the graphs of the probabilicy density functions and the
cumulative discriburion functions of the lengeh and the area.

lv]  Find the mean area of the square offcuts when making a box.

Solution

[il The CDF is

Lo Motice the use af «
F{l) = J- 1(4 — 1) du 4 as a dummy variable
it far L.
_[u2_u']
— L 16 .
and so
() forl = ()
2 ' |
F[!}:e%—{—ﬁ for(} << | =2
1 for | < 2.
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[il The area, a, and length, [, of a square are related by
a=[?
and since 0 < [ = 2
it follows that 0 < a = 2% thatis, 0 < a = 4.

Substituting a for [? in the answer to part (il, and using the appropriate
range of values for a, gives the cumulative distribution function H{a),

because
H(a) = P(A = q)

= P(L? = I?)

=P({L =) (asL > ()

= F{l)
Since F[f]=§—% for0 <=2

a_a’ for) < a=<4

it follows that H{a) = ? 16 T

[iiil The PDF for the area of a square is found by differentiating H(a)

4 SNONUITUOD B JO UOI3Uny B jo 404 2y} buipui4 |

d 1D

i3 =a == 0D<a= :

h(a) = dﬂH(a] 57 g forl <a =4 :

{ otherwise.
Note : S
______________________________________________________________ &
Malice the use of 11 and § for the CODF and the FDF of the area, in place E:
of F and {. The different letters are used Lo distinguish these fram the -
carresponding functions for the length. : 2
-
)

liv] The graphs of the PDFs of the length and the area are shown in =

e 110 .

[a] fny, [b] hia) 4

1.0 4 1.0 E

DS l 05 -\ E

L R I

A Figure 1.14

1 :

=[{4 —[? forQ<<l=2 :

Hl e :

0 otherwise, -»

21
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for) < a=4

a1

[b] hia) =

= b=

otherwise.

1he gmphﬂ of the CIYEs of the ]r_'ngth andd the area are shown in
F'igure .15,

[a] Flia (b)) Hiay
1.04 1.0 4
it 0.5 -
1 3
a: 0.5
E ﬂ T T T T ‘JE
; | 2 3 4
- 3
g ; ——
=z ! 0 1 2 i
< :
e .
3 AFi
= igure 1.15
g : {2 Iq-
= : et A tor0 <] =2
gz Bl F()={2 16 i
o 1 for [ > 2.
0 fora=10
. :
: [b] H{ﬂ}=‘%—?— for0=a<4
. 1 for a = 4.

[v] Mean = E(4) = _I-c: ah{a)da

LR N R R R R

idFE R R

This could also have been found as the mean of a function of a continuous
random variable, using the general result

ik i E AR

Eg(X)]= | s(x)fx)dx

all
Wby

Y

LR N R R R R

where x is the langth [not the areal of one of the squares.




In this case, gix) =1 f(x)= %[4 —x)and 0 < X =2

giving E[g(X)] = ‘[:.\:” %{4 — x?}dx

i.e. the same answer.

Exercise 1B 1 The continuons random variable X has PIYF fix) where

0.2 for0=x=5
0 fx) = _
(l otherwase.

[il  Find E{X].
lil  Find the cumulative distribution function, Fix).
[iii] Find PO = x = 2) using

lal F{x)

bl f(x)

and show your answer is the same by each method,

2 The continuous random vaciable L7 has PIYF f#) where

S]GEIIEA LWWOPUES SNONUITUOD B JO U0I3Un B Jo 4(0d 9yl buipui4 %'}

kv for 3 =un==8
ﬂ:u::l =

] otherwise,

[i]  Find the value ot k.

lil - Sketch [{u.

liii) Tmd Fiw).

liv] Sketch the graph of Fiu).
3 A continuous random variable X has PDF 2 where

ex s forl=x=4
f(x)= .

(] otherwise,
lil - Find che value of ¢
lill  Find Fix).
lii] Find the median of X,
liv] Find the mode of X,
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4

The cononuous random variable X has PO ) given by
. B

]

f(x)=1(x+1)

{ otherwise,

forx =1

wihere & is g conscane,

Ul Shew that & = 3, and find the cumulative discribution [unction,

liil Find also the value of x such that P(X < x) = % .

The cononuous random variable X has G given by

{) forx <)
F(x)=192x—x* for0=x=1
1 forx > 1.

[i]  Find P{X > 0.5).
liil  Find the value of g such that P(X < g) = %
Hill Find the P1IF f(x) of X, and sketch its graph,

The continuous random variable X has PDOF [{x) given by

) k(9 — x2) torl) = x =3
f{x)= .
0 otherwise,

where k is a constant.

Show that k = % and find the values of E(X) and Var(X).

Find the cumulative distribuiion [unction Dor X, and verily by calculation
that the median value of X 1 between 1.04 and 1.05.

A contimuons random vanable X has PDI x) where

‘ Gx(1—x) for() = x = 1
fx) = i
i) otherwise,

Find u, the mean of X, and show that &7, the variance of X, is (.05,

Show that F(x), the probability that X = x (for any value of x between
(h and 1), satisfies

0 for x <0
F(x)=q3x? - 2x° for 0 = x = 1
1 for x > 1.

Use this result to show that P{| X — u| < &%) = 0.1495.
What would this probability be il instead, X were norimally disteibuted?

The continuous random variable X has PDF (%) given by
43 ford=x =1
f{x)=

i otherwise.



(il Find Fix).

The continuous random variable Y 1s given by Y = X, The cumulative
distribution function of Y 1s denoted by H{y).

[ii] Find Hiy),

(il Tind hiyt.

(ivl Find P& = (1L.5).

[v]  Find P(¥ < .5).

?  The cantinuous random variable X has POF (5] given by
2(1=x) for0=x=1
Hx)= :
() otherwise.
The continuous random variable Yis given by Y = (1 — X)%,
(il Find hi3), the probabilicy density function of Y and name the
distribution that 1t represcents.
(i) Find POV < 0,9,
(il Tind Py = 0.9

10 The continuous random variable X has PIF 2 given by

0.1 for 0= x =10
(x)=

() otherwise.

5 : ; 5 - 4
The continuous random variable Yis given by Y = X,

[l Find Hiy) where Hiy) is the cumulative diseribution function of ¥

(ii]  Firnd hiy).

4 SNONUITUOD B JO UOI3Uny B jo 404 2y} buipui4 |
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(il Find P(X = &), a
vl Find (Y < 50007 5]
The continuous random variable # 15 given by #Z = X" where p = ‘*,_f,-'.
(vl Dind J(z) where [(20 1 the camulatnive distribution function of 2, ;'5::
(vil Find jiz). &
lviil Find P{.Z < 5").
11 The continuous random variable X has PDF () given by
: (.2 ford=x=3§
f(x) = {[] otherwise.

The continuous random vanable Y15 given by ¥ = 5%
[il  T'md H(y) where Hiy) is the comulanive distribution function of ¥
[ii]  Find hiy.
(il Find P{Y = 1000,
livl Stare the median value of X
(vl Ulse H w find che median value of Y showing vour working,
[vi] Show that you can use the equation ¥ = 5X7 to find the median

value of Y from that of X.
Iviil Write down the value of E(X) and find E(Y). Can you use the

equation Y= 5X" to find the mean value of Y from that of X7

pia?]
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v/
KEY POINTS (7

- X 15 a contmuows random vanable wath probabihicoy density fancoon
1 It X 1 | bl th probalnhey density funce

(PIOE} fix) then
J f(x)dx =1
f(x) =0 forallx

Pe<X=d)= J-rlrl‘_[x]d.r

&
L
L]

E(X) = _[xf{x}dx

Var (X) = J x*f(x)dx - [E(X)]’
- the median m of X 1s the value for which
jm f(x)dx and wal[x]dx =0.5

the mode of X is the value for which fix) has its greatest
magnitude.

A prabability density function mav be defined piscewise,

LE N R R N E N R K ] #

2 IfglX] s a functon of X then the expectation and vartance of X are
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E(g(X) = | g(x)f(x)dx

Var(g(X)) = J(g(:ﬂ})z f‘{x]dx—{E[g(J{]}]z.

3 It fix) 1 the probabihty density function of X then the cumulative
distribution funcaon (CDE) of X 15 1{x) where

F(x) = r‘ f(1) du where the constant a is the lower limit of X

() = 2o F(x)

for the median, m, F(m) = (1.5,

&  Given that f{x) is the probability density function of X, you can find
that of a related variable (e.g. Y = X7).
To do this you need hrst vo tind the comulacyve distributon function
of X and use this o find that of ¥ You can then differennate the
curnulative distribution functoon of ¥ o find i), the probabality

5 density funcrion of ¥

ik s S




LEARNING OUTCOMES o
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MNow that you have lindshed this chapler, vou should be able 1o
B use a probability density function that may be defined piccewise

m find the mean and varance from a given PDE

m use the general resule E(g(X)) = jg(x}F[x}dx where tx) is the

probability density function of the continuous random variable X, and
g(X) is a function of X |

m  use the general resule ?ur{g[I}} = j(g(x}}l f(x)dx —{E{g{x:l]}z + :|-,
where f{x) 15 the probalihey density funcoen of the continuens Ej:a
random variable X, and g{X) is a function of X "E}

m understand and vse the relationship berween the prabability density ’EJ
function (PDYF) and the cumulative disteibution funcrion {CDF} .

m use a PIOF or o CIOF w evaluate probabilicies Eh
use a PIIF or a CDF o calculate the median and other percentiles =

B use curnulative distribution lunctions of related varables + 'rg
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Every
experiment
may be said
to exist only
in order to
give the facts
a chance of
disproving
the null
hypothesis.
R.A. Fisher
[1890-1942]

0

Inference using normal and
t-distributions

2.1 Interpreting sample data using
the t-distribution

Students find new bat

Two  sitadents and a  lecturer
have lfound their way into the
textbooks. On a recent field trip
thev discovered a small colony of
a previously unknown bat living
In acave.

“Somewhere in Northem India®
15 all that Shakila Mahadavan,
20, would sav about its location.
“We don’t want the general public
disturbing the bats or worse still

catching them for specimens,” she
caplained.

The other two members of the
group, lecturer Jaswinder Pal and
2 1-year-old Vijay Kumar, showed
lots of photographs of the bats as
will as pages of measurements
that they had gently made on the
few bats they had caught before
releasing them back into their
CAve.




The deviation is
the difference
|+ ar -] of the
value from the
mean. In this
example the
mean is 146.

Note

You need to know
the degrees

of freedam in
many situations
where you are
calculating
confidence
intervals ar
conducting
hypothesis tests.

The measurenients reflerred wo in the arndcle include the weights (in g) of
e1rht baes that were dentihed as adult males.

156 132 16{) 142 145 138 131 144

From these fignres, the ream want to escimate the mean weight of an adul
male bat, and 93% contidence limirs for their figure,

It is clear from the newspaper repart that these are the only measuremenrs
avatlable, All that 1 kuewn about the parent population s whal can be
mterred from these cighe measurements. You know neither the mean nor the
standard deviation of the parent population, but vou can estimare hoth.

The mean iz estimared ta be the same as the sample mean

156 +132+160+142+ 145+ 138+ 151+ 144
i

= 146.

Wohen it comes to estimar ng the standard dewviation, start l‘.n; ﬁnding the
satnple variance

and rhen ke the square roar ta find che standard deviarian, =

The use of (v — 1} as divisor illustrates che imporant concept of degrees of
[reed o

The deviations of the edghl numbers are as [ollows,
156 = 146 =10

132 — 146 =-14

160 - 146= 14

142 — 146 = —4
145 — 146 = —1
138 — 146 = —8
151 - 146 =5

144 = 146 =-2

These eieht deviations are not independent: they muost add up w zero
becanse of the way che mean 1 caleulated. This means that when you have
worked our the firse seven dewviations, icis inevitable that the final one has
the value it does {in this case —2), Only seven values of the deviation are
wdependent and, 1o weneral, ondy {(r 1) oul of the w deviations rom the

sarnple mean are independent,

Consequently, there are # — 1 free variables o chis situation. The mamber of
tree variables within a syseem 1s called the degrees of freedom and denoted
by o

Awpswers fo pxercizes are aeallable at wune hadderedusation_com fcambridpeesxtras

2

P

LR B N

jes Buijad

i &

p-1 ay) buisn

iR dE s E

kAR E

& &

i i ddididdidiA iR

S Ak E R E

LI

LA

25

\
=tIT
ol T-.':LIII

ejep a)du

Ngit)si

2
+

Liaf




w
-
=
=
-
2
[= 4
[
0
a
‘I-
(=]
=
=
-l
=l
=
=
2
-
L
E
un
—
hd
o
-
i
= 4
L
L
- 4
™~

IR E R EEEENESRE RS R EREEE RN EREEREEERER RS R E RN ERER RN ERREEEERREEREERERRERRE R R R EERERERE R RN R ERERE R RS R R R RN RERRE R R ERERERERERRERENRSEH:EH:.]

Note

A particular
value of the
sample variance
is denoted by %,
the associated
random variable
by §°.

So the sample vartance s worked out using divisor {n — 1. The resulling
value 15 very useful because 1t 15 an unbiased estimate of the parent
population variance,

In the case of the bars, the estimared population variance 15

The numbers an the tap ling,
100, 1946 and so on, are the
l sguares of the deviations.

, _(100+196+19%+16+1+64+ 25+ 4)
[

= 86

and the corresponding value of the standard deviation is s = ~/86 = 9.27,

Calculating the confidence intervals

Foeturmyr o the problem ol estinatings che means wetshic of the bats, vou
nowy know thac

=146, s2=86, ¢:=927 and vr=8-1=7
Betore startingr on furcher calculanons, there are some important and related
POty to nooce.

1 This iz a small sample. 1t would have been much berrer it they had
managed o catch and weigh maore than eighr bats,

2 The true parent standard deviation, @, is unknown and, consequently, the
standard deviation of the sampling distribution given by the central limt

') .
theorem, T 15 also unknown.
i

3 In simations where the sample 15 small and the parent standard deviation
or variance 1s unkonown, there is liole more that can be done unless vou
can assurie that the parent populaton is normal. (Tn this case that is a
reasonable assumption, the bats being a natarally oecurringe population )
[t vou can assumae normahey, then vou may use the (~distribontion,
estimating rhe value of & tfrom yvour sample,

& Iris possible to rest whether a ser of dara could reasonably have been
taken [rom a noral distriboton by s normal probability sraph paper.
The method wvolves makinge o cunolanve reguency table and plottng:
ponts on a graph wach specially chosen axes. If che graph obtamed s

approcimately a scraight line, o
draven from o normal population. Otherwise a normal population is
unlikely.

The i~dismbution looks very ke the normal distribunoen. It exact

shape depends on the number of degrees of frecdom, v, and, indeed, for

1en the data could p]ﬂllﬁ.ih]}-‘ lhawe heen

large walaes of vic is little different from it The lTarger che value of v, the
closer the r-distribution is to the normal. Figure 2.1 shows the normal
distribution and —distnibutions v =2 and = 10,



0,43

normal
distribution

A Figure 2.1

Historical note
William 5. Gosset was barn in Canterbury, UK in 1874, After studying bath
mathemalics and chemistry at Oxford, he joined the Guinness breweries in
Dublin as a scientist. He found that an immense amount of statistical data
was available, relating the brewing methods and the guality of the ingredients,
particularly barley and hops, Lo the linished producl. Much of this dala toak
the form of samples, and Gosset developed technigues te handle them,
including the discovery of the {-distribution. Gossel published his work under
the pseudonym "Sludent’ and so the [-Lest is oflen called Student's I-Lesl.

Gosset's name has frequently been misspelt as Gossett [with a double 1],
giving rise to puns about the f-distribution.

Conlidence intervals vsing the —distribution are constructed in much the
sarne way as those wsnge the normal, wath che conhidence houats mven by

where the values of B oare found from tables. Por imstance, to fimd che value of
fat the 3% sigmhcance level wach 7 degrees of frecdom, vou need to Took
across the rone =7 and the column p= 0975 an the rable given in

Figure 2.2b on the next page, A

It T has a —distmibution wath
v degrees of freedom then, for P
each pair of values of prand w,
the table gives the value of ¢
such that

P(T = ) = p.

A Figure 2.2a
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p 075 090 095 [0.9750 0.99  0.995  0.9975 0.999 0.9995
p=1 100D 3078 6314 | 1271 3182 6366 | 1273 3183 6366
2 0.816 1886 2920 4303 6965 9925 | 1409 2233 3160
300765 1638 2353 | 3082 4541 5841 | 7.453 1021 1292
4 0741 1533 2132 | 2776 3747 4604 | 5598  7.073 8610
5| 0727 1476 2015 | 2371 3365 4032 | 4773 5894  6.869
6| 0.718 1440 1943 | 2447 3143 3707 | 4317 5208 5959
[ SH(23650 2.998 3499 | 4029 4785 5.408
8 0706 1397 1860 | 2306 2896 3355 | 3833 4501 5041
9| 0703 1383 1833 | 2262 2821 3250 | 3.690 4297 4781
10| 0700 1372 1.812 | 2228 2764 3169 | 3581 4144 4587
11 0.697 1363 179 | 2201 2718 3106 | 3497 4025 4437
12| 0.695 1356 1782 | 2179  2.681 3055 | 3428 3930 4318
13 0.694 1350 1771 | 2160 2650 3012 | 3372 3852 4221
14 0.692 1345 1761 | 2.145 2624 2977 | 3326 3787 4140
15 0.691 1341 1753 | 2131 2602 2947 | 3286 3733 4073
16| 0.690 1337 1746 | 2120 2,583 2921 | 3252 368  4.015
17| 0.689 1333 1740 | 2110 2567 2898 | 3222 3646 3.965
18| 0.688 1330 1734 | 2101 2552 2878 | 3.197 3610 3922
19 0.688 1328 1729 | 2093 2539 2861 | 3174 3579 3883
20| 0.687 1325 1725 | 2086 2528 2845 | 3153 3552 3.850
21 0.686 1323 1721 | 2080 2518 2831 3135 3527 3819
22| 0.686 1321 1717 | 2074 2508 2819 | 3119 3505 3792
23| 0685 1319 1714 | 2069 2500 2807 | 3104 3485 3768
24| 0.685 1318 1711 | 2.064 2492 2797 | 3091 3467 3745
25| 0.684 1316 1708 | 2060 2485 2787 | 3078 3450 3725
26 0.684 1315 1706 | 2056 2479 2779 | 3067 3435 3707
27| 0.684 1314 1703 | 2052 2473 2771 | 3057 3421 3.689
28| 0.683 1313 1701 | 2048 2467 2763 | 3047 3408  3.674
29 0.683 1311 1699 | 2045 2462 2756 3038 3396 3.660
30 0683 1310 1697 | 2042 2457 2750 | 3030 3385 3.646
40 0.681 1303 1684 | 2021 2423 2704 2971 3307 3551
60 0.679 1296 1671 | 2000 2390 2660 2915 3232 3.460
120 0.677 1289 1658 | 1980 2358 2617 | 2860 3160  3.373
w| 0674 1282 1645 | 1.960 2326 2576 | 2807 3090 3291

A Figure 2.2b Critical values for the t-distribution




O

You should be aware that values given in these statistical tables are rounded.
Comsequently the final digit ot an answer that you obtan usmyg these
tables may not be gquite the same as the answer vou would obtain using the

staristical funcoon on VOILIT calcularor instead. Most talles give 4 or 5 ﬁgur-::'-;

30 0 15 good practice to round your final answer to 3 significant figures, 4
P To canstruct 3 95% confidence interval for the mean weight of the bats, vou
o - - el : R
A e look under p =0.975 und ¢ =7, w gel &= 2.3063; see Freure 2 2b, Thos cives a
significance level, 95 o . lof ' '

you need 2.5% at 22 condudence iterval ol '- !:u
each end of the 9.97 997 .
distribution, so the 146 — 2,363 X —=-to 146 + 2,365 x —= =
value of pwill be J8 wm . o
100% _% w L — 138.2 to 153.8. ,, '__,_
97.9% = 0.975. Another bar expere suggrests thar these bats are not, in fact, a new specics, but : 'ﬁ'
fraom o known species, The average weight of adult males of this species is : 3
|60 grams. However, because the maximum value in the confidence interval '::-D‘_
is less than 160, in L, only 15308, this suggests that the expert may not be -
correct. Bven if you use a 99% confidence mterval, the upper It s Dow
PG
Q.27 - s =
146 + 3.499 x —— =157 .5. e
*..'"E . T
« D
Therelore, 1 seems very unhikely thae these bats are of the same species, based L
simply on their weights, )
' &
. . =
Example 2.1 A bus company is about to start a scheduled service belween two towns some : =
3 =]

distance apart. Before decidgr on an appropriate timetable, they do nme trial
runs o see how long the jouwrney takes The times, m nanuaces, are

ke

HU 92 5 t34 M H) a2 Q3 2l

lil  Use these data ro set up a 95% confidence mterval for the mean journey
time, You should assume thar the journey times are normally discributed.

ik ik dE R

The company regards its main competition as the railway service, which takes
93 mnutes.

il Does vour confidence interval provide evidence that the journey tine
by bus 15 different from that by tram?

LR NN RN RN

Solution
[il  For the given data,
n=9, r=9-1=8, x = 91.56, 3= 2.297,
For a 95% confidence interval, with v = 8, k = 2.306 (from tables). The

conhdence limats are giw:n h}f

LI I W B

kAR EE e

= : 2.297
Xt hk—===9156 % 2.306 X :
N J9

So the 95% confidence interval for g is 89.79 to 93.33. -+

ik dE AR E

&
-
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critical
region, 23

critical
regir:-n,E%r!'f:h

1 1 -
=250 L] 2308 i
[ i
I 1
I I
lr-i:— G588 confidence interval —:ﬂl
[} | i
o 12
9156 — 2308 = el =R9.70 it G156+ 2306 = Ll = 53,33
9 .
& Figure 2.3

lil ~ The confidence interval does nor contain 95 minures {the time raken lw
the train). Therelore there is sulicient evidence o suggest that the journey
rirre by bus s differenc from that by train, and that 1 1s,1n fact, less.

2.2 Using the ¢-distribution for paired
samples

The ideas developed in the last tew pages can also be wsed in constructing,
confidence intervals for the difference in the means of paired dara, This is
shownn in the next exanple.

Example 2.2

I an expeniment on group behaviour, 12 subjects were cach asked to
hald one arm out horizentally while supporting a 2 kg weight, under two
conditians:

» while togethier i a group

» wlnle alone wath the cxpernmencer.

The tuees, 1 seconds, for whoch they were able to support the waeiehe under
the two condinons were recorded as tollows.

Subject alalc|p|lelrlGgH]T]]][KR]L
‘Group’ time 61 | 71 | 72 | 53 | 71 43 | 85 | 72 82 |54 70 | 73
‘Alone’ time 43 |72 181135 56 |39 | 63| 66 38 | 60| 74 | 52

Difference 18 | -1 |9 | 18 | 15 4 | 22 6| 44| 6| 4| 21



Find o 90% conlidence mlerval [or the true dillerence belween “group”

The ‘Lrue’ : ] i 5N

b e ST RES times and “alone” mmes. You may assume thae the difterences are normally

e is distributed. | docs vour resalt provide evidenae that there s any diference in 2
in the times in the times in the population as a whole?

the population

as awhaole. You Solution

cannot know

with certainty The sample comprises the 12 differences,

Lhe dilferences _

in the population Mean d = 10.67

but you can infer S ks ' g
FFDI‘I:.’[hE sample Standard deviation s =15.24 e
a confidence Degrees of freedom v=12-1=11 :
interval far the .
populatian. Cravent the assumption that the differences are normally diseributed, vou may :

use the i-~distrbuacion.

Far v =11, cthe twa-tailed critical value from the i~distribution ar the 10%
level of significance is 1.796,

,.
L= I Nl e [ gl T I ol " ol FTITT AL
e U0 oUijsa)] sIsa]odnH

EEERERNERN'

The 90% symmetrical confidence interval [or the mean dilference between

=

the “group’ and “alone’ omes 1

e

; O

T 19 5 = s }

d —1.796 X tod+1.79% X — 2 3

12 V12 = b

.

2.77 o 18.57. : &

Smee the conhdence mterval does not contain zero, there 15 evidence chat .

there is a difference in the times in the population as a whole, A

2.3 Hypothesis testing on a sample
Al the beginning of this chapter, vou met the -distribution, This is the :
distribution ol a sample mean when the parent population is normally .
distributed but the standard deviatnon of the parent population 1 unknown *
and has to be estimared using the sample standard deviaton, 5 In addition to :
finding a confidence interval, vou can also carry our a t-test {0 hypothesis
test based on che —distribution). :
Example 2.3 Tests are being carried out on a new drug designed o velieve the svinploms
of the common cold. One of the tests 15 to investgrate whether the drog has
any effect on the number of hours that people slecp.
The drog is given in tablet form one evening to a random sample of 16 :
people who have colds. The number of hours they sleep may be assumed o :
be normally distribored and is recorded as tollows, :
=) .

35
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a.l 6.7 3.3 7.2 m.l 9.2 &0 74
.4 6.4 ERL 7.8 6.7 7.2 7.0 4

There 1s also a large control group of people who have colds bue are not
givien the drog. The mean number of hours they sleep is 6.0

li] Use these data ro set up a Y3% confidence interval for the mean length
at time somebody with a cold slesps after king the abler,

liil  Carry oul a test, at the 1% signilicance level, of the hvpothesis that the
new druge has an etffect on the number of hours 4 person sleeps.

Solution

[il Forthe given data,n=16,r=16—1=15, ¥ =7.094 5= 1.270.
For a 95% confidence interval, with v = 15, k = 2,131 (from tables}.

The confidence limits are given by ¥ + k— = 7.094 +2.131 x 1276
Vi V16
So the 95% confidence interval for g is 6.41 wo 7.77.
A
critical critical
regiun,EE T regiun.E.—L %
. . >
=2.131 1] 213

i i

| |

l l

:-1 93% confldence interval i-:

i Tll:r!}d. i
7094 - 2,131« ~2 — 41 T84 + 2131 xS0 = 777

i e

A Figure 2.4

[iil H, :There is no change in the mean number of hours sleep. = 6.6
H :There is a change in the mean number of hours sleep. u = 6.6
Two-tailed test at the 1% significance level.

For this sample,n=16,v=16-1=15,% = 7.094, s = 1.276.

The critical value for ¢, for » = 15, at the 1% significance level, 15 found

from tables to be 2.947.

X4 |_|7.094 - 6.6
1.276
NiTA

The test statistic ¢ = — 155

-



This is Lo be compared wilth 2,947, the critcal value, [or the 1%
sirrnticance level.

Since 1,35 < 2,947, there is no reason ac the 1% significance level wo

reject the mall hyparhesis.

There is insufficient evidence to suggest that the mean number of hours
sleep 1s dillerent when people take the drug,

Technology note < re
_________________________________________________________________________________ b ¥
If you have access to a computer, you can use a spreadsheet [see Figure 2.5] e e | - o
to do all of the calculations for this test using the following steps. 1 Data -L_E
1 Enter the data (in this case into cells B2 ta B17). j 2'1 =y
o d : Ll-l
2 Use the spreadsheet functions provided by your spreadsheet, for example | 4 3.3 T
=AVERAGE and =STDEV to find the mean and sample standard deviation. 5 7.2 s T
Calculate the f-value using the formula =[B18-6.6)/(B19/SQART(14]). 2 > 13
4 Use the spreadsheet function provided by your spreadsheet, for example 2 6.0 . =
=T.INV.2T[0.01,15] to calculate the critical value, 9 74 s
s OO
2 You can also find the p-value using the spreadsheet function provided by = :'; ﬁ:
your spreadsheet, for example =T.DIST.2T([1.5482,15]. :; ‘rlu "
13 7.8 Eﬁ
14 6.7 S
15 1.2 s =
16 7.6 P 2
17 7.9 =
1% Mean 70938 4 2o
19 Sample sd | 1.2757 Y
In this case, the M0 n 16 .o
values of ¥ and 21t value | 1.5482 P 2
s are given in 22 Critical: | 2.9467 » S
cells B18 and 23 p-value 01424 : %

B19. :

4 Figure 2.5

1 The mean of a random sample of seven observations of a normally :

0 m distributed random variable X is 132.6. Based on these seven observations,

an unbiased estimate of the parent population variance 7 is 148.84.

(il Explain why an estimate of the standard error is given by 4,61, :

(i) Show that a 93% conlidence interval {or the mean g o Xis 1213 :

to 143,49,

m 2 The weights in grams of six beetles ot o particular species are as follows,

12.3 9.7 1.4 13,1 1.2 124

[il Calculate the sample mean and show that an estimate of che sample :

varlance 15 1,291,

(i) Show that a 90% conlidence interval for the mean @ of X 15 10,32

to 12,18, :
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m 3 Anaptitude test for entrance to umversiey 15 designed o produce scores
that may be modelled by che normal distribution. In early tesomg, 15

students trom the appropriate age group are given the rest, Their scores
(ool of 3000 are as [ollows,

321 445 214 FH 317 HIY 2584 LK)
276 463 265 165 S 23 Alh

il Use these data o estimare che mean and scandard deviation o he
expected [or students taking this test,

il Construct a 95% conlidence interval Lor the mearn.

m 4 A trat farmer hay a lavee number of almond trees, all of the same varery
and of the same age. Cne vear, he wishes to estimate the mean vield ot
his trees, He collects all che almonds from eighr trees and records rhe
tollowing weights {in kg).

3 33 b v w2 7 hY (3

Hl Use these data to esimate che mean and standard devianion of the
vields ot all the farmer’s rrees.

il Construct 2 95% confidence interval for the mean vield,

il What statistical assumption is required for vour procedure to be valid?

v) TIow might vou select a sample ol erghil tees roms those srowing in
a lareze freld?

m 5 A forensic scienrist is orving o decide whether a man acrused of frand

could have written a particular letrer, As parr of the investigation she

lowks at the lengths of sentences used in the letier, She linds them Lo

w
=
=
=
-
2
= 4
-
o
a
‘L
=]
-
=
o=l
=l
=
=
2
-
L
-
un
—
d
)
-
L
= 4
L
'S
- 4
Ly |

have che followingr numbers of words.

17 18 25 14 18 16 14 16 16 21 25 19

li]  Use these data ro estimare the mean and scandard deviarion of the
lengths of sentences used by the leter writer,

il Construct 4 90%, conlulence interval for che mean lemgnth of the
lecter writers sentenoes.
liii] What assumptions have vou made o obtain vour ansaer?

vl A mmplc of senrences written L".q.-' the acensed has mean ][tngth 24
words, Dhoes this mean he is innocent?

'I" & A large company s investigaling the number of incoming teleplone calls ac i
cxchange, i order co determmine how many telephone Imes i shouald have, On
Sundayvs very tew calls are recerved because the office is closed. DParing March

one year, the number of calls receved cach dav was recorded, as folloms,

IR E R EEREERESRE RS R LR EEE RN EREEREEERER RS R EERERR RN R R EREERREEREERERERRE R R RN ERERE R R R ERERE R RS R R R RN RERRE R R ERERERERERRERENRLSEH:RH:.]




623 | 584 594 701 656 | 210 23 | 655 | 661 | 599

634 | 64l | 97 2 292 | 643 042 | 698 [ 639 | 201
19 | 588 672 612 6| 651 212 29 | 6H1 | 642

G677

L

[il  What day of the week was 1 March?

lil  Which of the data do yvou comsider relevant to the company’y
research and why?

liii] Construct a 95%. confidence interval for the number of incaming
calls per weekday,

[iv] Your calculation 15 criticised on the grounds that vour data are
discrere and so the underlying diseribunen cannot possibly be
normal. Hesy would you respond oo this criticism?

A tyre company is rrving out a new rread patcern, which iris hoped will
result in the tyres giving greater distance. In a pilor experiment, 12 rvres
are tested; the noleapges (1000 noles) ar whioch they are condenuned are
as followws:

65 63 71 75 65 62 3% Bl 72 66 B3 62
[il Construce a 95% conlidence imerval for the mean distance that o
tvre travels betore being condemmed.
lil  What assumptions, statistical and practoical, are requuired for yvour
answur to part [i] to be vahd?

A large fishing-baar made a catch of 300 mackerel from 2 shoal. The
total mass of the catch was 320 kg, The standard deviation of the mass of
individual nwackere] 15 know to be 0006 ke

(il  Find a 99% confidence mterval for the mean mass of 2 mackere] in
the shoal.

An individnal fisherman canghre ten mackerel from the same shoal. These
had masses (in ke ol

1404 0594 082 085 085 070 Dok 062 (61 D59

Lil - From these dara only, use vour calcularor to estimate the mean and
standard deviation of the masses of mackere] in the shoal.

i) Assumning the masses of mackerel are normally disteibuted, use yvour
resulls fom pact [ wo fnd another 99% confidence interval for the
mean mwasy of 4 mackerel i the shoal.

[iv]  Gave two statistical reasons why vou would use the firse limies you
caleulared in preference to the second limirts.
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A new compurernised jobomatching system has been developed that fmds
suitably slalled applicants to fit nothed vacancies. ois hoped thar this
will reduce unemplovmenr rates, and a trial of the svstem is conducted
111 SEVEL areds,

The unemplovioent rates 1 each arvea just bedore the mroduciaon of the
system and atter one month of 1ts operation are recorded in the table below.

Area 1 |2 34|56 7
Rate before new system (%) 1003 3.4 1| 46 (11.2| 7.7
Rate after new system (%) 9.5 4.1 | 152 50 33 | 103 8.1

,_.
=l
oc
L

[y |

il Find a 90% confidence interval for the true difference berween the
two rates of unemplovient,

il Does your condidence interval provide evidence that there s a
ditterence m the rates atter che new systom s introduced?
lill 1Yo vou think the assumpeions required to construct the confidence

interval are justified here?

10 Two timekeepers ac an athletics track are being compared, They each
e the mine sprints one afterioon.
il Find 2 99% confidence interval for the true difference beoween the
rimes recorded by the mwo timers. The times thev record are listed
lelenar

Race 1 2 3 4 2 6 7 b 9
Timer N 9.65 | 1001 | 962 | 2190 | 2070 | 20,90 | 42,30 | 43.91 | 4396

Tumer 21 V.66 | 999 | 944 | 22,00 | 2082 | 20.58 | 42.39 | 44.27 | 44.22

lil Do you think that the two omers are cquivalent on average?
il Are the assumprions appropriate for a confidence mterval based on

the f-rest justified in this case?

11 Fourteen marked rats were timed twice as they ran through a maze, In
one condition, they had just been led: in the other they were hungry.,

il Find a 93% conlidence mterval [or the true dillerence betwesn e
rats” times when thoy are fed and when they are hunery The daca
below give che rars’ times in each condirion.

Rat FLI:IL'IIJEI‘ | H ll.I_I'-’..LM H.
Fed time
(seconds)

3013 [ 25|23 (50|26 11427 [ 31 |39 38 (39| 4| 30

Hungry time | B .
] : 3 : 29 (] ; 32
(s ) 29118 | 14|27 |37 (34| 15| 22 18 1 20 [ 10| 30| 3

il 1o vou think the assumptions required ro construct the contfidence
mterval are qustilied hers?

liii]  ITTalf of the rats were made to run the maze first when hungry and
half ran 1t first when fed. Why did the experimenter do this?



12 Cans of cola are supposed to contam at lease 330 ml Salma thinks that the
average comoent is less than this. She measures the contents of a random 2

sample of ren cans with the follewing results (all measured in ml).

326.5 3312 3279 3298 3304
AZ27.0 323 3A1.0 a4 330

il W hat discriburional AENMPLION 15 NECesary in order to CAFTY OUL A
-rest to check Salma’s suspicion?

liil  Carry oul this west at the 5% signilicance level,

. Mo
lii) I Sahna picked 10 cans from a sinede box of 24, would the test have s
still heen valid? Explain vour answer. =

* 3

' . . « O
13 Ina cermin country, pase research showed chat in che average married s =
couple, the man was 7 cm raller than his wite, A sociologist believes chat, Rt
with changing roles, people are now choosing marriage parthers nearer : ;;
. i . . ] J
thueir owrs hieagrhe, She hay weeasored the hewehits of 12 couples. Tler resules K
are shown i the table helow. =
' =

Couple i 2 3 4 5 i L
« LN

Man 188.2 | 174.2 | 192.4 | 163.4 | 183.2 | 171.4 =
Woman | 1784 | 1651 [ 191.9 | 156.3 | 178,7 | 163.0 IR
Couple 7 5 g 10 11 12 : 3
1 B

Man 180.6 | 173.5 | 166.8 | 171.9 | 175.5 | 163.2 : 8
Woman | 1804 | 170.2 | 164.2 | 1662 | 176.9 | 158.8 PG
T o g ; K=
lil  Test at the 5% significance level the hypothesis that men are on T
average less than 7 cm taller chan their wives. L
liil  Explain clearly whal assuinplions vou make in this case, -

3
+

14  The speed vat which a javelin 1 thrown by an athlete 15 measured 1
km b The resualts tor 10 randomly chosen throws are summarised by

Y o=11108, Y (v—7)? = 3339,

where v is the sample mean.

L] LR RN N N L]
wonngiJ

li]  Stating anv necessary assumption, caleulate a 9994 confidence
interval for the mean speed of a throw,

The results Lor o further 5 randomly chosen throws are now combined

with the abowve results. o found that the sample vanance 1 smaller than

that nsed m pare [il.

il Srare, with reasons, whether a 93% confidence inrerval caleulared
trom the caombined 13 results will be wider or less wide than charc
found in part (il

'l'_.':.lﬂrbrl'-u"gr.' Infsrnational A8 B A Level Freileer Matheinalics
W23 Paper 23 Q7 Nopgmber 2012

EEENENEENEENEEENENEEENENE RN ENREENERREENENRREENEHNHEH:]
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15

16

17

18

In a crossword compention the omes, x munuees, taken by a random
sample of 6 entranes to complete a crossweord are smmarised as followes.

D x=2109 D (x-F)?=151.2

The ome o complete a crossword has a normal distnibution wich mean
L minuees. Calenlate a 95% confidence interval for o
Assume now that the standard deviation of the papulacion is known o
be 5.6 minutes, Find the smallest sample size chat would lead o a 3%
conhdence mterval tor g of width at most 3 nanuces,
Cambridge International AR B A Levd Furlher Mathemalics
P2FT Paper 21 O Jure 201

A random sample of § observations of a normal random variable X gave
the following summarised data, where ¥ denotes the sample mean.

Y x=425 I (x=F) =15519

Test, at the 2% sprmilicance level, whether the populauon mean of X1
srreater than 4.5,

Clalralate a 9% conhdenoe interval for the }_'!-npu]al:icm maean of X

Clambwidee Infernational AS = A Teeel Furfher Mathewm afics
S2FT Paper 21 Q9 Tupe 2012
A random sample of 10 observations of a normally distributed random
variable X gave the following summarised data, where X denotes the
sample mean.

Y x=704 D (x—F) =848

Test, ac the 1044 ﬂigniﬁmnrc level, whether the lmpnlﬂticm mean ot X i3
less than 7.5.

Cambridge Imernational AS & A Lewd Fuether Mathemavics
G231 Paper 21 Q7 November 20013

A random sample of 8 sunflower plants is taken from the large number
grown by a gardener, and the heights of the plants are measured. A 95%
confidence interval for the population mean, g metres, 15 calculated from
the sample data as 1.17 < g < 2.03. Given that the height of a sunflower

plant is denoted by x metres, find the values ut"zx and 2.*:3 for this
sample of 8 plants.
Cambridge International A8 E A Levd Furlher Mathemalics
SEFT Paper 21 Q7 Juree 2005
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2.4 Using the f-distribution with two
samples

Have vou noticed hos ime often seems to pass more slowly afrer lunch?

If time passes more slowly, one minute ot real time should seem longer, so it
vou ask people o estimare when a minute appears to have elapsed, the real
lime elapsed will be less,

You could ask the question: "Wall the mean real e elapsed when one
minute appears to have clapsed be less after lunch than betores”

In this example, vou are mreerested, not in what the mean value of a random
variable is, e in what che difference berseen the mean values is in oo
differant situations. Statistical problems giving rise to different versions of this
sreneral question are the topie of the next lew sections.

INVESTIGATION

Lunch time \{'

F'ind a group of volunteers and approach them before lunch. Give cach of
them a starring signal and ask them to sav when one minure has elapsed.
Record the real time elapsed. You will then need o find a second group of
voluntesrs to approach affer lunch. You will need reasonably large graups o
st useful resules.

1 What are the advantares and disadvantares of usine separate eroups of
24 L L sep group
people tor the before-lunch and atter-lunch fimes?

2 What are the advanrtages and disadvantages of instead conducting an
experiment in which the same people are asked before and after lunch

and only the diference in their real tnes reeorded:
The volunteers in rescarch projects are called subjects and “before lunch® and
‘after lunch® are the rwo conditions in which testing occurs. An experiment
such as the one described above, where a dillerent group of subjects is Lested
i1 ¢ach of the two conditions 15 called an nnpaired design; thas 15 1 contrast
to a paired design you met carher in this chapter, where the same set of
subjocts 15 tested in hoth conditions.

The members of a maths class were asked one morming to check the oime
shown by their watches, then look away and. when thev estimared thar a minute
had elapsed, w check their walches again Lo see how long had in el elapsed,

The smne procedure was lollowed withy another class, rom the same year
grroup, that atternoon. The back-to-back seem-and-leat diagram on the next
page shows the results.
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Morning class Afternoon class

(24 students) (22 students)
2] 8
2 (3] 1
5536 |3 6
4| 440
T8 (4] 999665
11333344 |5 22111
5557777 |5 BT75
144 [6] 3
|E'r 3 represents 63 seconds

A Figure 2.6

This cxperiment gives a set of data with which vou could invesngate the
question asked at the stare of this section, This experiment has an unpaired
design: two separate groups of subjects are nsed in the rwo conditions,

This section uses the data given in Figure 2.6 (o work through the process
ol hypothesis testing in the context of an unpaired design. I vou have
carried out your own mvestyration, vou might tind 1 helptul to repeat the
caleulations nsing your data.

You cannot look here at the difference between a betore-lanch and an
after-lunch time for a particular persan, bur vou can look ar the difference
between the mean belore-lunch time and the mean after-lunch tme, In fac
vou can make che followinge hvpotheses:
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HII:']']'H:IL' 15 no difference between the mean of }'Jt::‘.np]r:.’!-; estimates of one
minute before and after lunch.

H : After lunch, the mean of people’s estimates of one minute tends to be
shorter than before lunch.

You can then use as your sample statistic the difference hetween the before-
lunch sanple wean and the after-lunch sarnple mean. You need o caleulate
the distribution of chis sample statsae on che asumption thae the nll
hvpathesis is mrue.

The test statistic and its distribution

Assume that cach before-lunch estimate 15 an independent random variable
X (i=1,...,24) with the normal distribution N{y , o) and each after-lunch
estimate is an independent random variable Y (j = 1,..., 22) with normal
distribution N{u , &7).You are also making the assumption that each X is
independent of each Y. This is a plausible assumption; it merely requires the
independence of the two samples taken.
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R.ecall that the mean of a sample size # from a normal distribution N(g, o)
has distribution

g’
H(,u, - )

In this case, theretore, the mean of the 24 hefore-lanch escimares has

distrilurion
- o)
X~N J“.-.s- ﬁ

. Mo

anted the mean of the 22 alter-lunch estrmates las distribution . :_;

)

_ i . Lg'
-~ S a -

Y~N|u, 37 |- -

i

Y e . : SEian

Mext you need a resule that if X has distribution N{g . &7} and Y has s 2

distribution N{g , o7) then (X — Y) has distribution g

¥ :

LI

2 2 .

H{HI —Hy, Oy T '55*]' =

ST . . -

Here, the distribunon of the differences of the two sample means 15 therefore =t

Bl 347 22 ) : B

The null hypothesis then states that both means are equal, 1.e. u, = u and so,af P
the null hvpothesis is true -
= = ¢ o ;
X-Y~N|D =+ = -
24 22 .
Unfortunately, you do not know o or o2, so you will wane, as you have in
earlier work, to replace these unknown values with sample estimates. It might :
scem maost natural to use sample esamates for the two unknown variances, 2
but in fact in turns out that it 1s then hard to make any progress in calculating .
the distribution. This chapter, therefore, only deals with the case where vou
can assume that the variances in the two conditions are equal: here, this
means that ¢} = o= &% that is, the before- and after-lunch estimates have -
the same varance. In thas case .
X-¥~N(0,0 [i+ L)) :
24 ° 22 :
So that .
X-Y X-Y :
. : = : 1 ~ N(0, 1). D =
{I![ + o + :
J 24 22 24 22 ¥
To estimate @, vou can use the pooled variance estimator from the two i
samples,
I (24 —1)8F + (22 -1) 83 s
- (24 + 22 -2} .

(A
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where El'f and Ef are the usual unbased 1-;31'r|p1n:: estimators of the pt}pulutit}n
variance giw:n h:-,'

Y X, -Xr Y XP-24X Y v -ve Y v -27
=1 ! " - i i e -—

o e i= p - =] =
S 23 < 23 ST R 71

The test statistic,
X -Y
L 1 1
'E'”Ilﬂ 1 55

which 15 obtained from @ by replacing the value of ¢ with its estimator 57,
then has a t-distribution, with degrees of treedom equal to that in the pooled
varlance estimate: (24 + 22 =2) = 44,

Carrying out the f-test for an unpaired sample

In the example

X =51.542, 5, = 8.797; 7 = 47.909, s, = 8.574

wn
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S0
o Jzﬁ X 8.7972 + 21 X 8.574 _ ¢ cq1
44
and the value of the test satistic s
-I"-IP-J[E------ 51.542 = 47 909 :
The process ] | = L416.
described is a 8.691 X 24 + 37
-test for the
T S e The critical region for a one-tailed test, in the case ol 44 degrees of freedom, at
LW Imeans the 5% signilicance level is ¢ = 1,680 {this value does natappear in the ables,
wilh unpaired but can be obtamed by mnterpolacion for the values grven for 30 and 50 deserees
samples, also of trecdom). Since o416 < 1630, the resules lead yvou to accepr the null
;T_J"'"m” ‘:':3 ?—trrt hvpathesis at chis significance level:there is no good evidence that the befare-
i S lunch mean and the after-lunch mean ot the populatian as a whaole are different.

F
INVESTIGATION Carrv out ac least one of the experiments beloas and test the hvpothesis !ii

TIVENn Uaing 3 E—snm]ale t-rest,

T Usea reaction timer to decide whether males and temales have the same
mean reaction tmes, or whether older people have slower reactions
than voung people (vou can choose the defimtnon of “older” to swt the
samples yvou have avalable) or whether squash plavers have quicker
reacrions than non-plavers.
You can use a 3lcm raler as a reaction tmer: hold the ruler verdcalbs with
e wero mark dowrreards, while the subject holds their thummbs and [orelinger
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Joem apart ac the zero mark of the roler You drop the muder wathour warring




and your subject tries w catcly it between thumb and lorelinger, The distance,
i, 1 mlhmetres, chrowgds which the ruler hay tallen before it 1 cageht can be
used mo measure the reaction time, £, i seconds, nsing the fornla

Jd

f

2 Are students studying A Level maths beteer at mental arichmenc than
those takinge other A Levels? You wall need to devise o mental anthmetic
test (cdo vou want to test speed or accaracy?) and administer 1t to 2 group
ot A Lewvel maths students and a group of studenrs mking other A Levels,
Do ot be dizappointed by the vesdts! You can adapt this test to suir vour

*
']
"
-
=

prejudices: are A Level geography students betler al naming capitals of : =
torcym countries? Are A Level Eoghish students better at spelhnges =
3 Two groups of subjects are cach gven hses of 25 words. Both groups ' 3

must run down the list as quickly as possible, Those in the first group
tick the words that are in capital lerters, (You should make sure char
about half of the words, placed randomly in the list, are in capital letters.)

The second group ncks the words that rhyioe with o target word thae

Pad L
+ = F

TEF T TN
1517 =-

I LanimG

viou givee theme (Make sure char abour half of the words, placed randomly
in the list, do rhyme with chis word.) You then ask the subjects each

+ !

EREXE TR N

to write dawn as many words as they can remember trom the lise: do
not tell the subjects in advance that they will have to do this, Test the :

hypothess that the subjects who have looked for rhvines remember

A4 7

AN

gjdwes

maore of the words than those who Iooked for capical letters. Why would

5

.
#
1t e cditfiealt to ran thas CXPOTITICNE with a p;m‘c_'d :l-::ﬁig'l? .
]

Assumptions for the 2-sample /-test :
The assumprions nesded for the 2-sample —test are quite severs,

T The two samples st be wdependent randonn samnples of the populations
imvolved.
Stricely, chis requires every possible sample to have an equal probabilicy .
of being chosen. IF vou simply picked a group of wolunteers, it would,
therefore, prabalily not be a random sample. Howewver, this method is very
close to the method olien used by acadenne psychologists when chioosge

EFEERNERNERN'

their samples. The hope i choosing a random sample 1 chat the effecrs
of all che irrelesant differences between members of the populartion that
intuence the wariables vou are resting will average onr,

2 The random vaciables measured in the teo conditions st

EEEN TR RN

[l be normally distribured :

(i) have equal variances in the rwo conditions,

FEERNERENNEN

b7
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Are these assumpuions justilied? The only information vou have 1o help vou
decide 15 the vwo samples: the seem-and-leat diagram for the data of the
cxample 15 shown agan below,

Morning class Afternoon class
(24 students) (22 students)
2| 8
2 (3 1
556 |3] 6
41 440
T8 |4] 999665
11333344 (5 22111
SS557T7T7T7T |5 8775
144 (6| 3
| 6| 3  represents 63 seconds

A Figure 2.7

At first sight, the distributions here do noc look much like samples trom a
normal discrilucicn: they are rather obwviously negatively skewed, MNeither is
1l clear that they would have come from populatons ol the sane variance.
However, these are relattvely small samples and 10 would be unwase to draw
any firm conclusions from cthem about the population distmbution from
which they are drawn.

¥ [ooyou dunk che assumptions made m the 2-sample @-test anc
justificd in the case of the experiment vou carried out?
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The underlying logic of hypothesis testing

When you construct the sanphng distributon of u test stabistic vou use:

¥ 2 model for che discribucion ot the mndom variables involeed in che
SLATISEIE

» e value given o a parammeter ol this disteibution by the null hypothess.

In the time-estimarian example, the construcrion of the sampling discriburion

depends on:

» people’s csoimates of one minute betore and after lunch being
independent and dstributed normally, wath a commmon varance

» the null hypothesis thar the difference betaeen the means of their
estimates before and after lunch is zero.

The alternative hyvpothesis, that the difference berween these means is greater

Lhran cero, gives an allermauve range ol posable values lor the parmneler

of the distnibution, but assumes the same model tor the random vanables
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In the example 11 was determined (by using pre-calculated tables, in Gicl).
that 1f:

¥ the model for the random variables was correct

and

» the null hvpothesis were true

then a test statistic greater than 1680 would only arise in a random sample
ok of the tune, (The sigmificance level s 3%

I the example carher i thas section, vou obtamed a value of 1,416 and, simee
this s less than TARD, che null hyvpothesis was accepted. Suppose, mmstead, that
vou had obrained a walue greater chan 1,680 sav, for example, 1,832, In that
case, there would be three possible explanations.

Explanation A

¥ T'he model 15 correct.

¥ The null hvpothesis is false, hecause the mean difference in befare- and
after-lunch fmes 18 greater than zeve,

Explanation B

» The model 1s correct,

» The null hypothess s true (or false because the mean difference in
belore- and afler-lunch times is actually less than zera),

However, the sample selected happens to give a value of the tese statistic

grreater than 1LARO. The probahhity of this happemng s 0005 (the sizmficance

levely if the vall hypothesis is true, or less if the mean difference in hefore-

and after-lunch times is acroally less than zero,

Explanation C

» The model s incorrect, because the sampling method does not produce
independent estimates for cach subject, or because the estimates are not
distributed normally in the population, or do not have a common vanance.

» The null hvpothesis is true or Lalse,

In this, case vou have no idea how likely it is thac the rest staristic will have

any value at all,

The hypothesis tesring merhadology is:

#» Lo assurne that explanaton C 15 not the case

» to observe that it explanation B owas the case, then the results obraimed
would be very unhikely

» and therefore to accept that explanarion A is the case,

Thus veu wegect the null hypothess and accepr the aleernatve,

Homwever, von should alwavs be awaare that the logic that leads vou ro this
conclusion on the basis of the evidence in the sample depends on the
carrectness of vour sampling and disteibutional assumprions,
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2.9 Comparison between paired and
2-sample f-tests

The table below shows smmmarised data from the experiment yon have juse

heen analvsing, together with data gachered from a paired experiment using a
single sample of rwelve people, Fach was asked, bath before and after lunch,
Lo estitnate one minule in Lhe same way as described [or the unpaired design.

Data from paired experiment  Data from unpaired experiment
Before-lunch time | + — 51250, s =8237, =12  T=51.542, 5, = 8797, n =24
AREEIUNCHEMEN 7 = 47,583, s =9.256, n =12 | 7=47.909, s, =8.574, n = 22
The tesr statistic for the paired experimenr is 18249, with 11 degrees of
freedom and a4 critical value of 1.796, so that here the null hvpothesis is
rejected.
Why do vou reqect the null hvpothesis mn the paired case where the sample

sizee 15 comsiderahly smaller, which, all ocher chings being equal, wounld wsually
lead to a less decisive test, as reflected in the larger critical value?

You can see why the apposite appears o have happened it vou look ar how
Lhie Llest statistics for the two cases are caleulated.

Test statistic for paired erp-eritnent| Test statistic for unpaired experiment

51.250) — 47';,53‘33 — 1929 51.542 —] 4?.9{]}‘.3‘
f}.":-i'f-}f:-‘j% H.E’HIJE4 + 2

The test statistics Lor the paired and unpaired calculations have very similar
nurmerators, but the standard error e the denonnnator 15 considerably lareer

=1.416
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n the unpared calenlanon, despite the larger sample size o chat case.

Note

The crucial point is that there is, for all sorts of reasons, censiderable
variation amongst peaple in their reaction times and lunch is anly ane,
relatively small, effect ameongst many. Same peaple will tend to make short
estimates in both canditions and some long estimates in both canditions,
thaugh in both cases the effect of lunch may be the same.

The paired design enables you Lo take this into account in a way that the
unpaired design cannol because of the way Lhe slandard error is eslimalted.

Using paired and 2-sample f-tests

It 15 a characteristic of rescarch by social scienoses chat they are looking {for
a small average difference berween the values of a particular variable in two
different conditions, but that subjecrs show very substantial variation in the
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vilues of thas vartable within boch conditons. In these situations, a 2-sample
t-test 15 ot usually very helpful) as it wall require a very laree sample size to
discriminare berween the null hvpothesis of no diference berween the means
in the two conditions and the rrue situacion where there is 2 small diference,

Considerable ingenuity is theretore emploved in attempring to march subjecrs
ey Lhal o parred test can be used Lo eliminace sorme of the varation between
them and che small difference between the two experimental conditions 1
not swarnped.

In the pm’r[*d CRpeTIment, vou used the same ﬂl]hj[.*-:'.t i cach of tao

. b
conditions, but this is not necessary, In fact, having taken part in one o
experimental condition sometimes makes it impossible to take part in the :1
second. : 2
For example, if vou wish to test the effect on chuldren’s intelhrence of an : S
uplringing in tammlies from two differene social classes, vou could not use the : -
same child and bring it up twice, nor would a 2-sample r-tese be suitable in : FIJ
this case: the variadon in intelligence caused by other Dictors would swamp :
the effect vou are looking for. :_..
One possibalicy 15 to find pairs of wdentical vwins who are bemyge adopred 23
at birch and are assigned o adopove parents of diferent sooal classes: 2
these constiture matched pairs of subjects and vou could use a #-test on Ff
the differences berween the intelligences of the rwins trom rhe reo oepes : =
of Gimily. Notice that here the matching is perfect in the sense that both @
children have denncal genenc endowments: the belief noplcie o ths : f'
experimaent s chat heredioy s a major canse of varation m mtelhgence and ’ =
this ettect will be cancelled out by the matching process. OF course, there ;:
will be many differences beraeen the adoprive families other than class, and —'
it is possible thac the vaciations in intellizence induced by these dilerences : ;

11 upbringing wall stll swamp the effeot bemnyg exavmuned. Ideally, vou would

L

TEET RN
d

want to hnd idenocal twans bong assiened to tamihes diferning only e thar
social class, bur it s unlikely thar vou would find enowch, if any, examples of
this to conducr the rest! :

2.6 Testing for a non-zero value of the
difference of two means

You have now used the Gtest to exanune the nudl vpothess chat taso
different conditions produce the same mean value of some random variable.
The methed can alse be used in a more general way to rest nall hypocheses
that suggese thar the mean ot o random variable, X, differs by a given amount .
111 the two conditions.

Ilypothests: lor some siven value of &

Il The diflerence between the mean values ol X conditon 1 and
condinon 2 15 &
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Saple: Taw sels ol observations of X, cne sel in each condition.

Let X and X, be the random variables in the two conditions and n and », be
the number of observanons under each condition.

Use these values to calculate the sample means X, and X, and the unbiased
pooled-sample estimacor 5° of the population variance.

Then

(X,-X,)-6
?'i'1 I'.'3

provided that the random varable X 1 disombuted novmally w che

e
i+ f, — 2

poghutigoene vartance m cach conditton, and thar the null hypothess s orue.

Example 2.4

The manutacturers of a dieting compaound claim thar che use af their produce
as parl of a calorie-counting diet leads o an average excra welgl loss ol at
least [ive kilograms in a period of months, An experiment has been carried
out by a consumers” group that doubes this clam.

The hypotheses are:
H, :The mean extra weight loss in a period of months from adding the

dieting compound to a calorie-counting diet is five kilograms.

H :The mean extra weight loss in a period of months from adding the
dieting compound to a calorie-counting diet 1s less than five kilograms.

The assunpoons are that the wewcht loss 11 a pertod of monchs from a
calorie-countmyg dict, wich or wathout the dicong compound, 15 a2 normally
distributed randam wariable and that the addition of the dieting compound
to the dier does nac atfect the variance of this random variable,

Thirty-s1x dieters used the dieting compound with their diets: their weight losses
x i=1,...,306) in kilograms are summarised by the figures

36 35

Y x, =40932 Y x2=6102.39.

Sixty-two dieters followed the same calorie-counting procedure, but did not
use the dieting compound; their weight losses y (j=1, ..., 62) in kilograms
are summarised by the figures

&2 L
Yy, =57164 )y =5618.40.
=1

i=
=1

Solution
These data give: ¥ =11.37, s =6.433, y =9.22 and 5 = 2388

so that

o J35 X 6.4332 + 61 X 23882 _ 15

J6+62-2



The test scatistic 1%
[1 1.37 — *}-?E} -5
: 1 1
4.326 X \/ﬁ + %)

and there are (size of sample 1+ size of sample 2 —2) = (36 + 62 — ) = 96
degrees of freedom,

= —3.144

The crirical region tor a one-railed test with 946 degrees of freedom at
Lthe 5% signilicance level is < —1.661 using inlerpolation and so, since
—3.144 = —1.661, the null hypothesis is rejected in Lavour of the allernative
that the average extra weisht loss 15 not as greae as five kilograms.

2.7 Hypothesis tests and confidence
Intervals

There is a very close relationship berween hypothesis rests and confidence
intervals, which should be clearly undestood.

A hvpothesis test suggests o value lor an unknown population parmneler
ithe null hvpothesis), and then acceprs thas value 1if a cest statishie lies 1 a
particular range (rhat is, hies oueside che eritncal region}. However, the eritical
region depends on the hvpothesised population parameter, so you can reverse
this process, Thus, far a given value of the tesr statistic, vou can determine

Lhe range of values for the population parameter thal would be accepled by
the tese if chov were oftered as null hvpotheses. Thas i called the confidence
interval tor the population paramerer,

Far instance, in the case where you take an independent random sample of

size # from a nocmal disceibution to test the hvpotheses:
B ¥ H "y —

H. : Population mean = u

H,: la) Population mean # u

or |b] Population mean > u

or lc] Population mean < y

The test statistic 1s

X —H

§
i
i

and you accept the null hypothesis at the a% significance level if

IT'”‘:T;. or ||:|]I:H{TI or I-:.J'TT'”::—TI

Jn Jn n

where 7, 7, are the one- and two-tailed critical values respectively for the
i-distribution with # — 1 degrees of freedom at the a% level.

[a) -1, <
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MNote

Usually two-sided
confidence
intervals are
used, as in lal.

Alternatively, for a given value of ¥ you can view these inequalities as
constraining the range of values of i, which would be accepted by the test if
they were offered as null hypotheses, and rearranging them gives the (100 = a)%
confidence intervals.

3

*

al -7 <p<x+1, or [b] ¥ - or

¥ 5
—_ T —= =
i T

€] ¥+ 7, ﬁ > 1
Confidence intervals for the difference of two means
from unpaired samples

Two runmers are being constdered for 4 place 1 a vearn. They have each
recently competed moseveral races, chough not agamse cach other, Their fimes
(i1 geconds) were as shown in the table belosss

Runner 1 47.2 2l.B 4.1 47.9 449,10 48,2 45,1
Runner 2 49.5 47.4 48.3 49.1 47 .6

You can model che first and second runners’ times with variables T, and T,
with distributions N{u , %) and N{u,, 67), respectively. You are describing
theirr running times as normally distributed with different means and a
common vartance. The different means reflect differences i the runners’
underlying ability; the random variability comes from factors such as the
influence of other runners and weather conditions for which the effects in
the different races are independent.

Because you are interested in the difference in the runners” underlying
abilities, you are looking for a confidence interval for the difference between
Moand g

The sample means of the runners” times have distribations

'F, = H[,ﬂi1, % {T'-'):md 'I_'E ~ H(qu, % ﬂ'l)

<o that the discribucion of their diferences is

['FI — 'Fz}w N( , — M, OF [%+ l]}

o

The standardised wariable
(fl B fz] B {Ju'l B Juz]

o3+ 3)

thien has an M), 1) distnbution.
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In questions 1-3, vou are expected to make a sensible choice of significance
leve] for the hypothess teses involved. Remember that the 3% level s

comvenrional in scientfic contexrs,
T Aspecies of finch has subspecies on two different Galapagos lslands,
The weights of a sample of lnches [rom sach island are hsted below.

Weights from Daphne Major (grams)
64 | 67 | 64 | 6] 68 | 6l fr1 67 | 70 | 62 | 66 | 63

Weights from Daphne Minor (grams)

63 | 6l i 33 61 6.3 .3

Ul Is there evidence that the tinches on Daphne Major are heavier on
average than those on [aphne Minor?
Hil What assumprions do von need o make? Are they reasonable?

2 Two groups of subjects are asked o valunteer for a psvchaology
expernnenl. Oue croup 15 told that they will be pad §1 [or participatings;
the other that they will be paid $20, The experiment consists ol o rather
dull task that must be repeared for one hour: subjects are then asked to
rare howw interesting the sk was, on a scale from | o 10, with 10 being
the mast interesring,

Ul Test, using a 2-sample —test, the hypothesis that the task was found
more meeresting by those who were paid less.

The ratings of the owo groaps were:

Taid $1 4 2 6 3 3 1 o 4
3 a) 3 3 2 2 £
| 7 2 4 3 4 3
Paid $20 3 2 2 1 3 4 3
i 1 1 3 1 1 g
> 2 3 2 1 3

Uil Stace and comment on che ASSUMPTIONS ViU are 111aking m order to
carry out chis rest.

Hill Could vou devise a paired design tor this experiment?




A college carcers othcer investgates the income at age 24 of a group
ot students whe left school ac 16, and a group who soyved on to take
A levels,

The resuls he finds (measuring incomes in 8 per week) are sunumarised
11 thas table.

16-year-old leavers A Level leavers

Mean 1506 1G4
Sample estimate of variance 673 595
Sample size a7 28

[l Sheras usng a 2-sample -test, thae the hypothess that those staying
on ar schoal have higher incomes at age 24 35 rejecred, on evidence
of this sample. What assumptions are yvou making for a 2-sample
—rest to be appropriate? How plausible ave they?

LIl What ocher diflerence between the two groups inevitably exists tha
might explam this unexpected resuler How could vou design an
experiment e eliminate this etfect?

In gquesttons &6, you need to deade whether che data are from an
experinent willy o paired or an unpaired desin, You are expected w ke

a sensible chowce of sigmficance level tor the hypothess tests mvolved.

[Lemoember that the 3% level 15 conventional 1 scienofic contexts.

4

Fl.ﬂ'l-:‘r]'lg!«it FI]] PTT:I"__.-'ng |'|mr‘.|ti~;-;‘.'-;, T-I.TI'.I'IHI{."'i A e :'-I"'.-"".'.]'ﬂgl'.f Fooentmetres
longer than males, A new variery of mantis has been bred, the insecrs of
which are supposed to be more nearly equal in size,

Test the hvpothesis that the dillerence between male and lemale average
lenrths 15 Tess than ¥ centimetres, usinge the leneths in cenometres of the
sample of twelve males and owelve females showen below Stace clearly the

d5511 |'n]‘.|ri|:|r15: VO are I'I'I:,'II'{ng 1 O Tesr,

Males 154 14 1.9 16.3 87 | 130
1011 3.2 112 | 62 16.1) A8
Females 2| 4.2 124 | 234 13.2 | 1.4
1013 235 16.8 11.9 15.5 132

Awsers fo pxercizes are aratlable at wune hadderedusation_com S cambridpeesxtras

-
L]
-
-

]
-
-

P
"]
—
™
=
e
]
Py
-
m
Ly
Ty
L ,
i
LA
iy
Ln
Oa
—
[
™
=]
. |
"
(=
m
]
y
M
:_'.'
—
1351
=
n
C
P

ik @ EE R

B R ENENERENEEEENESEEENEEEEE RSN RN E AN ERERENENNEENRENRNEENESRHNEZJEHSH®EH]H}E:

i s AR E

IR NN RN NN RN NN

ik dE e E

L

5




wn
-
=
=
-
a
[« 4
-
e
a
1:.
a
-
=
-l
=l
=
= 4
=
=
a2
&=
un
=
il
)
—
L
[+ 4
L
L
E
Ly |

IR E R EEEENESRE RS EEREEE RN EREEREEERER RS R EERERR RN R R EREERREEREERERERR R R R R ERERE R RN R ERERRE SRR RS R R R ERRERRE R R ERERERERERRERENRSEH:RH\.]

B

In fact, the dara given i question & are patred: cach male mancos 1 paired
with its mate in the ﬁﬂ]mving: WAy

Pair 1 [ 23457 6e

Male 184 | 15.1| 119 | 163 | 87| 13.0

Female 252 242 124|234 132 214

Pair 7 ) 9 10) 11 12

Male 101|202 142 62169 88

Female 103 235 168|119 | 1553 132

il lest the hypothesis thar male mantises are on average less than 7
centimetres smaller than their mates.

[il Explain cleacly sehar assumptions you make in chis case, and how
these assumptions differ from these vou made m question 4.

(i) Why are the results you obtain different in this case from those vou
tound in question 47
It is knowen from many stadies thar the best currene post-operarive
treatmient reduces stays in hospital after major operations, compared
with untreated patients, by an average ol 6.2 davs. A new realmenl is
proposed, with the hvpothests that chis new treanment wall reduce stavs
i hospatal by more than 6.2 davs on average, and a trial 1 conducted on
two groups of patients whe have just undergone major operations. The
resules are shown below:

Days stayed in hospital by untreated patients
33 aha 27 27 25 21 27
K10 i 32 27 16 23
Days stayed in hospital by patients given new treatment
14 | & 23 24 22 14 2R
2o 24 16 |5

Test the hyvpothess civen, clearly staang the assumpuons vou are nak,

In questions 79, vou need to decide whether the daca are from an
experiment with a paired or an unpaired design.

7

The masses, in grams, of nine hens’ eggs and eight ducls” eggs are
recorded below,

Hens | 42 | 47 | 45 | 41 | 48 | 39 | 46 | 45 | 48

-

|

Ducks 45 | 47 | 51 | 46 | 49 | 53 | 53 | 48

(il Construct a 93% condidence interval [or the difference in mean
niiasses of hens eeers and ducks” epes,

[iil  Seate the assumptions you are making in consoucangs ths
comfidence interval.



A group of rowers and a group of chess players have char resomgr pulse
rates measared. T hese dam are shown below,

Rowers 65| 73 | 71 | 80 | et | 718 701 78 2
Chess players 117 | 93 LR 02 73 | 102 | 85

Construct a one-sided Y5% confidence interval, giving an upper limic for
the extent to which the mean resting pulse rate of chess players excesds
thiat of rowers,

The amount, p, of mtestatton of maze frelds by root nemacodes, e srramms

. B2
of the Post per square metre, 15 measured in ran-:lnn'lljr chosen SOquare . w3
metre arcas on A3 malze tarms. Some of the farms have ﬁpmytd the . _15

Crops wi th a new pe.gtil:iu:le_ The measurements are summarised in the
Lable below.
Using new pesticides Not using new pesticides
Number of farms 14 19
' 5831 16573
| Zp? | 5602287 14908 662

5153 sIsayjod

=]

Construct a Q0% conhdence mterval tor the difference m mean
infestation between the spraved and unsprayed crops.

Fish of a certain species Tive in two separare lakes, A and 11 A zoologist
claims chat the mean length of fish in o1 s greater than che mean length
ol fish in 13, Te test his claim, he carches a random sample of 8 fish from
A and a rovdom saple of 6 [sh o B, The lemethes of the 5 Gsh rom

s]eAJaUI SIUSPIUOD pU

A, appropriace unils, are as [ollowes,
153 12.0 15.1 11.2 14.4 148 12.4 1.8

Assuming a normal distriburion, find a %5% confidence interval for the
mean length of fish in A,

B R ENESNEENEEEEENESEE LN RS EEE RN ENEENEEN EE N EE R ENENENENENRNENNEHNHERMSNREMNJEH;E:

The lengths of the 6 lsh lrom B, in the same unis, are as [ollows,

15.0 107 13.6 12.4 11.6 12.6
Stating any assumptions that vou make, test at the 5% sigmticance level
whether the mean length of fish in A s grearer than the mean length of

fisl in 13,

Calculate a2 95% conlidence interval [or the diflerence in the mean
lengths of fish fom A and bom B,

Cambridge Infirnativnal A8 & A Level Fueiler Mathematics
DT Papee 22 011 Noveaber 2014
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2.8 Using the normal distribution
with two samples

In studving 2-sample t-rests, vou had to make the assamption that the
variance in the population of the random vanable vou were sampling was
the same in kath conditions. You then estimared this common wariance from
Lhie Lwo samples, [owever, there are some situacions in which vou know

the vartance of the whole population and you can use this information n a
hypothess test or 1 constructinge conhdence mtervals,

For instance, it may be that, before the ability of the maths class to estimarte
one minute was rested {see page 43). extensive tests were conducred thar
determined that, in the schoaol population as a whaole, students” estimared
munutes are normally dsteiboted ol bave o standard deviagon ol 742
seconds. You are resting the hypotheses:

H”:']']'H.rn,‘. 15 no difference berween the mean of people’s estmates of
one minute before and after lunch.

H : After lunch, the mean of people’s estimates of one minute tends to be
shorter than before lunch.

But you can now make the assumption that people’s estimares of one minute
are normally distributed wath standard deviation 7 42,

The null hypothesis implies that before-lunch and after-lunch estimates have
distributions Ny, 7.42%) where g is the common mean asserted by the null
hypothesis. With this assumption, the mean of the 24 before-lunch estimates
has distribution
= . 7422
X ~N(u, 5557
H 721

and the mean of the 22 atter-lunch estimates has distribution

The distributon of the dulerence of the two samnple means 1 therefore

o e 7422 7.422
x—r~m(n, S+ I )

In Probability & Statistics 2 you considered hvpothesis tests with the normal
distribution: it X has distribution N{), o), where variance ¢ is known, then

-

the test statistic 2 has the standard normal distribution, N{{), 1). The test

statistic here 1s

X-¥  __ X-¥
7422 __ 7422 oy 0
J}'L T Tt



With the data used in the example on page 43, ¥ = 51.542 and § = 47.9009,
s0 the test statistic has the value

21.542 — 47,9049

1 I
?.42\{— + 55
24 © 22
The critical region tor a one-railed test at the 5% signiticance level for the

stantdand normal distribudon s z = 1,645 In s case, since 1,659 = 1,645,
vou reject the null hypothesis and accept the allernative, that the aller-lunch

= 1.659.

times are shorter than the before-lunch ames.

Different known variances for the two samples

Alternacively, vou might know sepatately the variances of the populations
from which each sample was deawn, whers these need not be the same,

Suppose there are two machines ma fuctory. The frst 1 o hngh-aceuracy
machme, which produces bolts wach radn that are normally distmbured wath
scandard deviation 052 mm. ' The sccond 15 a lower-accuracy machine,
producing washers with incernal radii chac are normally distrilared wich
statidard deviation 00172 mm, Bath machines are adjustable to produce
components with different radn, but today they are supposced to be set so that
the high-accuracy machine produces bolts wath radn 2 mum sinaller than che
imternal radin of the washers produced by the low-accuracy machine.

Te check wwhether the serting is correct, a sample of components is taken
fram each machine, and the radius of each measured. The resualts are shosarn in
the [olowing table,

Radii of bolts from high-accuracy machine (mm)}

B.42 g.21 g.29 8.31 B.25 B35 8.2

Internal radii of washers from low-accuracy machine (mm)

10.32 10.12 9.98 10.0% 10.57 1044 10,100 | 1028 10.35

You are tesuny the hypotheses:

H”:T]w mean radius of the belts being produced 15 2mm less than the mean
internal radius of the washers being produced.

[II:The mean radius of the bolts and the mean internal radius of the washers
b'::ing pmdurud do not differ h},‘ 2 mim.

You can assume that the radu of the COTPONEnts hl:ing pnrducud h:-,' each
machine are 11{‘.:1'111:1”1:-' distributed with the standard devianons giw;n above,

If X, denotes the internal radius of the washer, and X the radius of a bolt,

what is the distribution of the sample statistic X, — X ;7
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With the assumnpuions stated, the mean internal radius of nine washers [rom
the low-aceuracy machine has distribution

. 0.1722
xwaem(yw, 5

where g 1s the mean internal radius of the washers.
similarly, the mean radins of seven bolts from the high-accuracy machine has

distribution

(10522
XI:I & H(-uu‘ T]

where g, is the mean radius of the bolts.

The distribution of the difference ol the two sample means is therefore

¢ o 0.172 |, 0.052°
Ry = X~ Nfpy -, 5=+ 22%),

The null hypothesis then states that g — g = 2 and so, if the null hypothesis

15 true

X, -X ~ H(E,

0.1722 . 0.0522
9*?]'

Therctore, the test statistic

Xy — X, —2
0,1722 . 0.0522
'J. R

has a standard vormal diseribunen.

In this case X, = 10.256 and X, = 8.307, so the test statistic is

10,256 =8307 =2 _

= —(1.84.
0.172%  0.0522
J g T 7

The critical region [or 2 two-tailed test with the standard normal
distribution at the 3% suonhcance level 15 z = 196 or = < 1,96, and so
here, smee =196 < =084 < 196, vou wall accept the null hvpothesis char the
machines are correctly set.

You can mse rhe same data to construct a 95% confidence interval for the
diflerence in mean radi being produced by the two machines. You saw above
that the dstribution of the diflerence of the vwo sample means is

= o (0.1722  0.0522
*hm-_xls*"w(#v.-_#m -r:; T 7 )



w00 Ll

l} _1."-}['-' < [' .-1;':-’ = xﬂ] _l::#‘-."'r’ = l“'ll] & 1.‘1}6 = U.QE
0.1722 + 0.0522
9 7

since 1,96 is the rwo-railed 3% critical value tor the standard normal
distribution.

The conlidence interval 15 therelore

(Ew - Eﬁ}— 1-{35J”']‘32 _+ []'[]_?2- = {.Hw B -“LJ.]

=

LIES 0M] YIIM UONNGIIISIp Jewdou ay) Buisy g7

_ _ EE £ 2
c:{:rw—:na}+i.‘)6\/ﬂ'1§“ + “-“;:’~ _

With the values ¥, = 10.256 and ¥, = 8.307, this is

183 <y, — p, <207,

Summary: known variances

The mall hypethesis is:

H_:The difference between the means of the random variable in the two
conditions is (g, — 4,).

3=

)

If = W
¥ the random vanable, X, has a normal disembution in cach condinon :
» X and X, are the means of the samples in the two conditions
» n,oand n, are the sizes of these samples :
»w o, and o, are the known standard deviations of the random variables :
Xoand X,
then the test statistic is
X - X~ — )
i i) :
a - a s M
w2, :
which has a standard normal distnibuton NG, 1). :
In the same situation, a (100 — a¥ confidence interval tor the difference ot .
the means in the two conditions is
.[3—: - }_ H_: :
! 2 : .
AN :
where z_is the two-sided a% critical value for the standard normal -
distribution. .

&3
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I[ the variances in the two condilions are known and equal, each distribution
havine standard deviation o, then the test stanstic simplities o

[:_I — Ez}_{% _1”1]
| 1

noon,

and the conlidence interval Lo

p: B 1 | R 1 1
{'TI _xz}_'?..ﬂ'-.le'FI <M —H, = {'TI _:"73}4' 2,0 E‘FE

Remember vou can do the same sort ol thing [or the paired test, with null
hypothesis:

H,: The difference berween the values of the random variable in the two
conditions has mean d.

If

» the difference, X, between the pairs of values of the random variable in
the two conditions has a normal distribution

» X isthe mean of X
» F1s the known standard deviation of X

» 1 is the size of the sample

1:; § , which has a standard normal distribution, IN(0, 1).

i

In the same situation, a (100 = a)% confidence interval for the mean

then the test statistic is
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difference between the two conditions 1s

iy o oy
X=z ==« - <X+ —=
4 llH IHI l”_ .|ﬁ

where z 15 the two-sided a% critical value for the standard normal
distribution.

This situation - where you know the variance of the difference between
random variables in the two conditions - is very unlikely to arise in practice.
Knowing the variance of the random variable in each condition separately is
not sufficient, as the point of pairing is that the variable is not independently
measured in the two conditions. Thus in a paired test, if X, and X, represent
the random variable in the two conditions, Var[ X, = X,] =Var[X ] + Var[X]].

It may have occurred to you that, in fact, the examples you have considered
so far in this chapter were rather contrived, and that is not surprising: it is
difficult to think of circumstances where the tests described here actually
apply - why should you know the variances of the distributions, but not their
means? This does not mean that you have been wasting your time, however:
the importance of this technigue is seen in the next section.
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2.9 Tests with large samples

When vou used the =distribution for resting hvpotheses abonr diferences
beraeen means and tor constructing confidence intervals for the difference
between means, vou had to make the assuinplions

»  the underlyving vartables are normally distributed

HP_t_%______ ¥ rhe variables have a common wariance,

Even where In many situations where you want to test hyporheses or construct

it cannot be confidence intervals, these assumprions do not hold, Farminately, provided i
assumed that that a large sample is available, these assumptions are not essential, e :
the underlying ) e
variables have a 1 The cencral limir theorem says that, for Large sample sizes, even when gl
COMMan varlance, 4 vartable does not have a normal distribution, its sanple mean 15 . —:
but where approximately normally dismributed. . :
large samples P 2
are available, 2 In general, the larger the sample being wsed. the smaller che error nnrl-. in : @
separate assuming, that the lmprll:armn lvas -:':-.'1-:'rhr the variance given by i P G
population eslmnare, :__._
VATANCES L0 The tests discussed so [ar in this chaprer. which assume normally distributed : &
be dD hn?tud ¢ vartables wath known vartances, wall theretore all mve senable resules for large :
I:EI:E'_-,rIfN:rEEE; samples, even where the underlving variables are not |1[‘.|r1_'rm]]1}-' diseribured *
actual population and the variances are not known, but must be estimared trom the samples.
variances. As a rule of thumb, sample sizes of 30 or so are large enaugh tor this :

approxunation o be reasonable — although (s will obviously depend on
how non-normal the underlyme distnbutions are. In many sicwations the

iRk EE e

approximation will he justfied wich substantially smaller samples.

LI

Example 2.5 Smartos ave simall sweets, Smartos tubes are filled by two different machines.
A sample of tubes filled by each machine and cthe Smartos in each wbe are
counted. The resules are given o the table below:

ik iE AR

Number of Smartos per tube 39 | 40} 41 42 43  Total
Frequency in machine A sample 17 23 35 31 27 133

Frequency in machine B sample 21 | 18 | 41 39 [ 19 138

i s AR E

ASSUMING 3 comImon varlance for

the numbers of Smartos per tube
produced by the mauchines, construct
a U5 confidence mreerval for the
ditference in the mean numhber of
Smartos in the twibes produced by the
tace rac hines, 4 Figure 2.8

IR NN RN NN RN NN

ik dE e E

L]
-
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Solution

Here, you cernainly cannor assume chat the discribution of the number
ol Smuartos per tube is normal since it s a discrete variable, Nonetheless,
provaded the sumple size 15 Larre, and vou are told that there 15 a common

vartance in the two condittons, you can assume that the stanstic

EEA —P_‘fu}—ﬂ% _-”'u]
sfi 1
ﬂ.ﬁ. IIﬁl'l’l
has approximately a standard normal distribution. { X, and X, are the

means of the numbers of Smartos per tube in the rsumplc from each machine,
5% 15 the pooled-sample estimator of the common vanance, »

1 and M are the

sizes of each sample and gy, and g are the true mean numbers of Smartos
produced by the two machines.)

The two-tailed 2% critical value for the standard normal distribution 1s 2.326,

s0 that for approximately 98% of samples

3306 < A =%} s T} 5 a0

FJI P
n, Hy

Thar is, an approximare 98% confidence interval for the difference berween
the true mean numbers is

S T e S e ey | TTE
Hy Ry H, iy

Here
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m, =133, %, =41.2105, s, =1.3030
m, =138, x, =41.1232, s =1.2525

so that

__ [132x1.30302 + 137 x 1.2525

—1.2
133+ 138 -2 L2

and so the confidence interval is

~0.2738 < i, — g, < 0.4484.
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General procedure for large samples

Unpaired design

It an experiment with an unpared destrn, a test of the hypotbiesis:

H : The difference between the means in the two conditions 15 8

uses data from owo samples, one taken in each condition. These data are
summarised by

¥ ,“-_:1

»w 1, and n, , the sizes of these samples

and X, the means of the samples in the rwo conditions

»w 57 and 87, the sample estimators of the variances in the two conditions.

The test statistic 15
X-X,-98

Sf +5

weoon

which has approximarely a standard normal distriburion, it the sample size is
latze,

Sl )

Tt

I the same sitvation, a (100 — &% conlidence interval for the dillerence of
the means m the two conditions 15

R et

where z 15 the two-sided a™ critcal value tor the standard normal
distribution.

Special cases

» If vou know that the variances in the two conditions have the values of
a; and & these values should be used instead of the sample estimates
57 and 53 in the test statistic and the confidence limits.

» It you believe that the variances are the same 1in the two conditions vou
use the statstic

HI .'l'2

(n,—1)S2+(n, —1)82
(n, +n, =2)

Simularly the confidence interval in thas case 15

b = M 1 S 1
[xl_xE}_z-""- E-I-H_j{“l_.u-z{{xl_x2]+zl,ﬁla+n—3_

where §° =

Awpswers fo pxercizes are qeallable at wune hadderedusation_com fcambridpeesxtras

= is the pooled sample variance estimate.
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Paired design

Inan experiment w ith a [mll-;'-rl deﬂgn test of the Iﬂ'l'u::uthﬁm

H, :The mean difference between variables in the two conditions is &, uses
data summarised by

¥ f.'?', the mean of the sample differences between the two conditions

» n, the size of the samples

» &7, the sample estimator of the vanance of the differences between the

two conditions.
The test statistic is 2 _E, which has an approximately standard normal

Ju

disteibution i the sample size is large,

In the same situation. a {100 — 0% contidence mnterval for the ditference of
S
the means in the two conditions 1s

d—z —<f<d+2

I s

where z is the two-sided a% critical value for the standard normal
distribution.

Special case

If you know that the variance of the difference between the two conditions
has the value ¢ this value should be used instead of the sample estimate £
the test statistic and the confidence limits.
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T It has been suggested that, dthough the number of e Lud by female
u m hedgesparrows varies widely amang birds, individual birds rend to v

more eges each yvear that they breed, A sample ol 162 lemale bicds have
thear nests examined m two successive vears, and the change m the
nunber of ey s recorded. The frequency of cach change 15 recorded 1n
the table helow.

Change in number of eggs -2 -1 { 1 2

Frequency 4 27 i 43 11

Ulse these data to construct a confidence mterval for the mean merease
1 mambers of CLELs POT A, htfltm;ﬁ -.]-._flrh' the f*-:humpnmn VML AT

nmkmg,

2 A bank 1 deadinge whether to mooduce a new svsem for their cashoers.
[t is only waorth the expense if it will reduce the average waiting time by

a4 minute or more, They survey the walling tmmes [or a sanple of their
customers 1 a branch and then, after mtroducines 2 trial ran of the new
system in the same branch, resarvey the waitng times. The resuls of the
rwar survevs are shown in the table on the next page,
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| Frequency
| Minutes in queue With old systermn With new systemn
i 33 44
| =¥ BN
2 44 44
3 35 24
4 L7 12
L) I 2
: M
{ 10} 1 JEs
v & | =
L
B a I 4
i 3 f
10 | 1 &
I 4 1 o
Lry
12 3 Ll =
- S
13 3 Ll =
L

'lst the hypochesis char che waiting timaes have been reduced by arc lease
e “'li”l]ff'!, O AVETraEe, U”d'ﬂr fI'I'E' eV B[, srafi Ry fl'llf! AESLI r“[}tiﬂni
vou are mmaking,

Two very long shatts fitted to a urbme need to be very accuracely

the same lenegth, but they cannor be moved to compare chem, and are
difficult to measure, The engineer whase job it is to checle the lengths
adoprs the following pracedure: ten separate measurements are made
ol each shail. by a process ol which the result is a normal variable wich
means cqual to the oue length of the shatt and wath standard deviation
3 bundredehs of a mallimetre.

The measurements made in ane check are histed in the takle helows
(Lengths are given as hundredths of 2 millimetre fram the nominal
length af the shaft.)

Firstshaft 6 | +2 | +7 | -1 | +4 | -3 | +3 | =2 +7 | +7 |
Second shaft | —1 | +3 | +3 | +5 -2 | —4 | +4 | 42 -3 | +0 |

Test the ivpothess that the vwo shalls have the same lengh,

Lin ann attempt to redesign a combustion chamber, it is necessary 1o Lnd
the difference herween the maxinum inside and outside temperatures of

the casing, The cambustion process is rather variable from one ignirian
Lo another; in Lact, the vartance ol the maximum temperature, m *C,
inside the chamber is 3940 and the variance of the temperatore of the
outer casinge 1y 210

IR E R R RN ENEERE RSN ENESEE RN EEREEREEERER RS R R ERNEERENEEREEEEEREENE RN R RER R R EREER RN EREER R RN R EERERE RN R R EEEERE R RN R EREREERRENRERENRRENRSEH:RH\.]
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Construct a conlidence interval [or the dillerence belween mean
inside and outade temperatures wsange the data below trom a series or
experimental ignitions.

Nine ignitions: maximum inside temp (°C)

670 6940 | JO010 | 6960 | 6390 | 6940 | 6950 | 6920 | 6920

Six ignitions: maximum outside temp (°C)

6710 6730 | 6680 | 6670 | 6630 | 6620

A new machine for pacling matches into bawes has been delivered, It

is supposed Lo be more accurate; that is, the variation in the number of
matches 10 mseres mnto each box 1 less, but the factory manager also wants
toy check that the new machine 1w not exeravagrantly putting a hisgher
average number of matches into cach bow. She rakes a sample of hosxes
praduced by the old and new machines and counts the frequency with
which each number ol matches arises. The resulls ave given in the Lable,

Number of matches 40 a1 | 42 | 43 | w4
Frequency with old machine 96 42 17 49 2
Frequency with new machine b5 07 | 19 | 0 0

st the hvpothesis that the two machines have cqual means, stating the
ASSIMPEINNS vou are using.

In an attempe to decide whether a new feeding regime increases the
average weight of young salmon in a fish farm, a sample of 165 fish fed
in the usual way 15 weighed. The weights, X in grams, of these fish are
summarised by the figures

165 T

Yx, =11774 Y x? = 8T2308.
i=1

A sample of 74 fish is bred with the new feeding regime and their
welghts, y, in grams, are summarised by

[ |

Dy, = 5491 ZI} 2 = 409272,

j=1 =1

o Test the hypothesis that the average wenght of the salmon s higher
nnder the new regime

[al assuming thar the variance of their weighs is unchanged
bl estimating the wariance separately in each condition,

Hil Conument on vour resules,



7 Inan experiment o delermine whether presenting a list of words
alphabetically or in random order causes them to be remembered more
easily, rarn groups of subjecrs are given such lists of 30 words ta study for
one muanute, Aller o distracting lask, the subjects are then asked 1o recall
as many words as possible 1 one nunuce. The numbers of words recalled
i cach condicion are as tollows,

Words 14|15 |16 |17 (1819|2021 (2223|124 (25 (26|27 | 2B
recalled

Frequency: | 0| 0 0| 110[12 347855 [22]20 11 2| 1
random list

alphabetical
list

(%)

Frequency: | 3 2 23 /57[17/21/19 3348 26 19 4 8| 0 0

Tip: The bimodal nature of the disteibution with an alphaberical Lisc is
hecanse subjects use two different strategies tor recall in this case,

[il  Test the hypothesis thal thers s no dillerence on average in
the nuinber of words recalled 1 the vwo conditions, Stale the

Assumptions that you are making,

Lii] Euggtﬂt q pairr:-:l cltﬂgn tor resting this hyputh-::'-;ir:_

In questions 814, vou are expected to choose the approprace techimgue tor
voursell,

8  FPor reasons of coconomy, the munutacturers of an electrical apphance
wished to make an adjusrment o one of its componenes. Betore finally

deciding whether to do so, the effect of the adjustment on the resistance
of the component was assessed,

[il - Ar one factary, the resistance of ten such components selecred at
random were measured both before and after the adjustinent. The

results wore as follows.

Component Resistance {ohins) Resistance (ohims)

before adjusiment after adjustinent
1 37.7 41,0
2 12.1 478
3 44.2 445
4 35,2 496
5 8.0 43,8
i 13.2 15,45
7 | 47.3 45,6
B | 35,4 3.7
4 ' 43.7 +4.3
1 2.4 49.1

s at the RYS ﬁignii‘l-::am:-: level whether chere 15 a differenee in
mean resistance due to the ;lfljl'lﬂtrnf‘l'll’.,
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Uil At another factory, twenty of the components were selected at
random and ten of these were chosen at random to receve the
adjnstment. 'The resistances of the components were measuared, with

the fallowwing resulrs,

Unadjusted component’s Adjusted components
resistance (ohms), x registance (ohms), §
' 123 92
35.3 ' 4.5
4.4 | 395
42,0 | 17.7
376 : 344
43.6 | 44.4
35.8 473
7. 38
13.1 | 158
385 | 457

(For information: Zx = 410.1, Zx° = 16963.85, Zy = 445.1,
Xy = 19948.65)
Test ar the 3% signiticance level whether there is 2 difference
between e mean ressslances 1 each group, staliny carelully e
assurmption you make about the underlving varanees.

Hill Explam clearly swhich of the two analyses gives better mformation
and why.

9 Investogrations are bewyr made of the tune taken to bring water to
the boil in a large urn in a catereria, It is known that this time varies
sorewhat and chat the varatons ey be accounted for by takingr the
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bothng tme to be normally diseributed.

il 'The boalingr cimes in minuces on ten randomly chosen oorasions
were 2002, 17.8,23.6, 211,194, 19.6, 20,9, 20,0, 18.9, 20.3, Find a
reco-sided symmetrical Y95% confidence interval for the rrue mean
bBsiling time,

Uil A second urn s acquired, for the boiling dme may agan be taken as
normally distributed buc wach a possibly ditferent mean. A random
sample of 20 bailing times for the second urn is found to have mean
L9353 minuces,

[nlormation om e mmanulacturers states hat the Gee standard

devianon of botlines toe 15 09 mooutes lor both urns, Assomnge vhig
1 ndeed correct, cxanmune ac the 5% level of siemticance whecher

the e mean hnﬂing rimes for che own arns differ.
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10 "Iwo persenal computers are being compared with respece to char
pertormances i ranning typical Jobs. Eight typical jobs selected at
random are run on each computer, The rable shoss che walues of a
composile unit of perormance lor each job on each compuler.

Job | Computer A Computer B
| 214 2003
2 ' |95 ' 202
J 222 216
! 201 213 X
1 ! L ]
3 194 153 .
il 2305 224 $
7 214 ' 213 P =
8 210 212 : ¥
P g
It is desired o examine whether che mean performance for typical jobs ;2
is the same for each compurer, : in
lil Srare formally the null and alrernacive hypotheses thar are being =1
3 ==
Lested. I
[ii]  State an appropriate assumption concermnge the underlving normality, :
liii] Carry out the test, wsnge a 1% level of siemficance.
liv] Provide a symmetrical swo-sided 95% confidence mterval for the .
difference berween the mean perfarmance rimes, i
11 The central business discricr of o town s served by two railway stations, :
A and B Part of a study is 1o examine whether the mean daily number
of passergrers arrrvinge at stanon A during the mormng peak period s
the same as the corresponding average at stanon B Counts were taken
at atation A for a random sample of B working davs and ar soation 13 for =
1 separate tandom sample ol 12 working davs, with the following results
[or the numbers of passengers arriving during the morning peak period.
Station A | 1486 | 1529 | 1512 | 1540 | 1506 | 1464 :
Station B | 1475 | 1497 | 1460 | 1478 | 1520 | 1473 :
Station A | 1495 | 1502 .
Station B | 1449 | 1480 15303 | 1462 | 1474 | 1486 ;
lil Seave formally the null and alternative hypotheses that are to be tesred, 2
lil - Srare an appropriate assumption concerning underiving normality, :
[iii] State a further necessary assamption concerning the underlying -
dhsorbutions. =
[iv] Clarry out the test, using a 5% lewvel of sugmificance. :
lv|  Suppose that,in a test simation such as this, the fae variances of the :
underlving distriburtions were known, Outline briefly how the resc .
would be conducted,
T3
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12

13

A hgud product 15 seld in contammers. The containers are filled by a
machine. The velomes of hgquid {in millilicres) ina random sample of s

containers were found to he
U7 R alll.4 AlH2 AlhH JUHE, 3 Al 0,

Aller an overhaul of the machine, the volurmes (in millilitres) in a
random sample of 11 contamners were found o be

2011 4990 501,53 200y 4987 5021 200 4 44949 7
5301.0 5001 499 3,

[tis desired to examine whether the average velume ot liquid delivered to
i conlainer by the machine 15 the samne alter the overbaul as 1 was belore,

Ul State the assumptions that are necessary for the wse of the customary
I-test.

il Stare form :'-l"‘j.-' the null and aleernatisve ]1}-‘11(1th eses thar are to be rested.
Hill - Carry our the -tesr, nsing a 5% level of significance.

v] Discuss briefly which of the assumprions in part [i] is the least likely
ter be valid m practce and why

A rlway station has a telephone enguiry othee. The lenygeth of e, o

rinutes, taken o deal with any callers engquiry i independent of that for

all other callers and is modelled by the continnons random variable X

with probabilicy density function

flx) = %:w‘*‘-"’ ()= x < oo,

il  Show that the mean of X 1s 4.
Reminder: The hiniat of x"e™ as x — o 18 zero.

il You are now wiven that the vartance of X 15 & State the mean and
variance of 1, the combined rime for dealing with eight callers.

Hitl - Fxplain why a normal random wariable will provide a good
approximarion to the disoriburion of 7

v] Anactemnpt is made o ooprove the modelling, The detated [orm of
the X vartable 15 discarded, althoueh 1t s stll believed appropriate Lo

use a random vanable whose vanance 1 twace the mean. Denoting
this mean by & {and therefore che variance by 28], write down che
paramerers af the normal distrilution chat is now o be used as an
approximation to the discribotion of 17 1educe thar, according to
ths distmbution,

j,(T — 80
4+/8

vl The combined time tfor dealing with cight callers 18 measured once
and found ra be 23 minures, Show chat, using che discribution in

< 1-&45) — 095

part [ivl, the lower Limit of a one-sided 95% conlidence interval
for ths a solunon of the cquation

648 — 443.29648 + 625 = (.

Whar does the orher solution of this equation represenc?



14 An nspecror s examnming the lengths of ome taken to complete various

routine tasks by emplovees who have been tramed m owo different ways.

He wants o examine whether the mvo methads lead, overall, to the same 2

Lines, Ten diflerent tasks have been prepared. Each task 1s undertaken by

a randomly selected cnployee who has been tramed by method A and

by a randomly selecred emplovee whe has been mmained by method B

The cimes to completion, in minutes, are shown in the mble.

Task | Time taken A emplovee Time taken B emplovee

1 354 271 Pka
2 410 2.0 i
s D

3 2 234) o
1 A7.2 339 HE: 3
3 47.4 38,1 o
B

6 275 27,7 P
7 M. T . o
H. 254 23,2 s 2
= *m

L As.0 ERRL . n

1) 2.7 227 :

[il  Explain why these data should be analvsed by a paired sanple test.

lil  What underlving distribunional assumiprion 15 necessary for the
paired sample r-test o be appropriate? Carry our this test at the 5% :
level of significance for the daca above, Provide a rwo-sided 90% -
conlidence mterval Lor the true mean dillerence bevween (oes. .

/I H
T When the population standard deviation, a, is not known and is estimated as being the :
sample standard dewviation, 5, and the distribution is normal, confidence intervals tor g are :
[ound using the -disteibution,
2 lwo-sided confidence intervals for g based on the t=distribution are given by .
i 1 = 5 M
x=bk—tox+hk— :
i Jn :
2 The value of & for any confidence level can be found using #-distribucion mbles. .
The value at ¢ can ke found using the formula .
.2 :
:‘.2 = ‘5.1.'.': =2(II-—I] =
n—1 (n—1) .

TS
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5  As with conhdence intervals based on the normal distnbunon, confidence intervals for
paired samnples are [ormed in the same way, but the variable is now the difference between

the pared values.

& When the population standard deviation, o is nor known and is estimared as being the
sample standard deviation, 5, and the discribution is normal, vou can carry aur a hvpothesis

test using a ~discribution,

7  The null hypothess s the same as for the normal distnbuoon
Hou=u,
8  You esrimate the population standard deviation & using che sample standard deviation =

is used.

X =M,
;
i

10 ¥ou should now know how to test the hypothesis that che mean value of some random
viriable differs i vwo conditions, 1 a nornber of conests, The west stadscies used in the

9 To carry out a hypothesis test on a single or paired sample, the test statistic 1 =

different contexes are given in the followiys table.

W
=
o
b=
-
=
[+
'—
=
[
=
z
j ‘ Variances Sample Underlying Paired test Unpaired test: Unpaired test:
I _ SiZe distribution variances equal variances unequal
I I
e Known Any Normal 5 X -7 ) ¥V .
Q — ~ N0, 1} | ————~ N0, 1) | ——~ N, 1)
= Ll I 1 [ ol
o ﬂ"I‘I T [—~ + 1
B i My M, \ "
= X ¥
E | !
-~ Known Large Neednotbe | X_7 _
H normal 7 =N K { NG D
= N “\II
W w M I X II.I
o - - .
T Mot known Any Mormal oo .- X-F _ : Mo test discussed here
= 5 ! 1 i nte, -1 | 15 Appropriate
. SR o |+ —
M 1|‘ ”.". 1
MNot known Large MNeed not be 5 v _w T _T
& _ L e N(O, 1) A-Y LN | e = N, 1)
normal 5 M | T
— &, —+— i A i 4
i yn ", \n,  n,
Known or not | Small Mot normal Mo test discussed here 1s appropriate

{HI s 1)511 _H.r”?: = 1:'5?:.'

11 For an unpaired t test, the sample variance 15 estimated by §2 = e )
. H H. =
1 2

12 To test the hy_pr;rl:lluz-'.is that two random variables differ by the amount 8 simply replace D by
(D-8) or (X =Y) by (X - ¥ — &) in the numerator of the appropriate statistic.

13 Confidence intervals can be constructed from che rest starisric by observing thar a confidence
interval, in the appropriate situation, for the difference of the means in the rwo conditions, is

given by the interval;
(numerator ol statsue) = {erideal value? * (denonnnater of stavstic).

14 MNotc ::arr_'ﬁ.ﬂ]j; thi seetions of this table wacth no appropriate test. It 1'!-'.j1_1!~'~t a5 1'111Pi'.|t'r:u1t £
knenw when not to conduact a west as how to do sol
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9  LEARNING OUTCOMES O 2

MNow you have lnished this chapler, you should be able 1o

B [ormulate hypotheses and apply a hypothesis test concerning the
populanion mean using a small sample drawn from a normal population

of unknown variance, vsing a -teso
m calculare a pooled estimate of a population variance trom rwo samples

m formulate hypotheses concerning the diference of population means,

: P kg

and apply, as appropriate : e

a 2-sarnple —test )

a parred sample §test i

a tost using a normal distribuation ' =5

B know when samples from owa populations should be considered as = ;'f

paired 3

B know the meaning ol the lermn confidence intenal [or a parameter and v =

assoctated language s

: ;@
B derermine a confidence interval for a population mean, based on a :
small sample from a normal population with unknown variance, using :
a ~distribution s
understand the factors thar afect the width of a confidence interval :
m determine a confidence interval for a dilference ol population means, :
using a t-distribution or a normal distribution, as appropriate. i

7
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... the fact that
the criterion
we happen to
use has a fine
ancestry of

... statistical
theoreams does
not justify

its use. Such
justification
must come
from empirical
evidence that it
works.

WA, Shewhart
[1891-1947]

Chi-squared tests

What kind of films do vou cijoys

ler help e decide when to show tralers tor futare programmes, the
management of a cinema asks a sample of its costomers to fill in a brief
questionnaire saving which rvpe of film chey enjov, It wants to know whether
there s any relationstup between peoples cijovinent of horror llmes and
ACTION TOVILS.

?» How do vou think the management should select che sample of
customers?




3 3.1 The chi-squared test for a
contingency table

The management of che cinema rakes 130 randomly selected questionnaires

and records whether those patrons enjoved or did not enjov horror films and

ACCION IMOvTes,

51 41
15 43

'T'his method of presenting data is called a 2 % 2 contingency table. It

is used where twao varialles (here ‘atticude to horrar films™ and “arcitude o
action movies ) have been measured on o sanple, and each vartable can ke
Ly dillerent values Cenjov’ or “not enjoy’],

You will meet
larger contingency
tables later in this

: The values of the vartables fall mto one or other of two categories. You want
chapter. )

to decermmne the extent o which the variables are related.

It s commventional, and nsetul, to add the rovar and column toals ina
contingency table; these are called the marginal totals of the tble,

ajge} Azuabunuos e aoy jsa) pasenbs-iyaay) |E

A lorual version of the cinemna nunagrement’s gquestion 1s,°[s emjovinent of
horrer films independent of cnjovment of action movies?”. You can use the
sample data to investigate this question.

You can estimate the probability chat a randomly chosen cinema-goer will
anjoy horror films as follows, The number of cinema-goers in the sample
who emoyed horror films 1 31 1 15 = 66,

So the proportion of cinema-goers who enjoyed horror films is % .

In a similar way, vou can cstimarte the probabilicy
that a randomly chosen cinema-goer will enjoy Molice how you use

, , . . g the marginal totals
AT 11O s, Thf‘ ﬂLlHlbﬂr af Clllf‘ﬂlﬂ—gﬂﬂrﬂ 1 rg

: = it i e &6 and 72 that were
the sumple who enjoved acton movies s calculated previausly.
51 + 41 =92,

So the proportion of cinema-goers who enjoyed action movies is %

It people enjoved horror films and acoion movies independently wich the
probabilities you have juse estimared. then vou would expect to find, for instance:
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The ¥7 test statistic
is denoted by X

Number of people enjoying both tvpes

= 150 ® P(a random person enjoying both types)

1530 X Plemjoving horror) X Plenjoying action)

_ 66 . 92
= 150} X 150 b 150
_0l72
150
= 40,44

In the same way, you can caleulate che number of people vom would expect
to carrespand ro each cell in the rable,

: :
15{}:-:%::%:4{].45 15{}:-:%::%:51.52
150% 90 5 38 o555 | qson Bty 38 _gpe | P
150 " 150 150 " 150
66 84 150

Maote thar it 15 an inevitahle consequence of this calenlation thar these
expected figures have the same marginal torals as the sample da,

You are now in a pasition o test the original hvpatheses, which vou can state
[ormally as:

H..: Enmjoyment of the two types of film 15 independent.

H : Enjoyment of the two types of film is not independent.

The expected frequencies were calculated assuming the null hypothesis
is rrue. You know the actual sample frequencies and the aim is o decide
whether thase from the sample are so different trom rhose calculated
theoretically that the null hypothesis should be rejected.

A stanistic that measures how far apare a set of observed frequencies is from
the set expected under the null hypothesis is the ¥* (chi-squared) stagistc. It 1s
given by the formula

xI = E{f g — o JI = E[nbs&wﬂd frequency — expected frequency)’
T . expected frequency

You can wse this here; the ohserved and expected frequencies are summarised
belows

40.48 51.52

25.52 ‘ 32.48 ‘



Mote that the four
numerators in this
calculation are
equal. This is not
by chance, it will
always happen
with a 2 x 2 table.
It provides you
with a useful
check and short
cut when you are
working out X°.

The ¥° statistic is

” E(.f}, - £} _ (51-40.48)° 4 41— 51.52)°

You will see how to
find critical values
for a y* test later
in this chapter.

= T - 4048 5152
L (13-25.52)2 (43— 32.48)’
3552 32.43
b =2 — Sy 2 - 57332 Iy
0527 | (10527 | (1052) (10527 ) o
7048 T 5152 ' 2552 T 3248

Fallowwing the vsual hvparhesis-resting methodalogy, vou wanr to know
whether o value [or s statistic at least as large as 12,626 15 hkely (o ocour
by chance when the null Invpothesis 15 true, The criacal value at the 105

sipraficance level for this test stansoe w 2706
-~

The information
about the ¥?
distribution is far
your interest - you
do not need to
use it to carry out
the tests in this
chapter.

A standard normal
variable is drawn
from a nermal
population with
mean 0 and
variance 1.

Since 12,626 = 2,706, you reject the null hypothesis, H , and conclude that
people’s enjoyment of the two types of film is not independent or that the
enjoyment of the two is associated.

Figure 3.1 shows you the relevant y° distribution for this example, the critical
regnion and the test statistic,

I || The critical region at the 10% level is shaded in crange.

0.8 - g
The test statistic X*= 12.626 is inside the critical region.
0.6 -
0.4 -
0.2 1
'I-l' T ] 1 I 1 T 1
0 2 4 i G {1 12 14 L4
x_"

A Figure 3.1

Matice that you cannot conclude that enjaying ane type of film causes people
lo enjoy the other The test is of whether enjoyment of the twa types is
assaciated. It could be that a third factar, such as bloodthirstiness, causes
both, But you do not Know The test tells you nothing about causality.

The chi-squared distribution

# The ¥° distribution with n degrees of freedom is the distribution of the sum

of the squares of n independent standard normal random variables.

You can use it oo test hosae well aser of dam matches a given distribution.
A number of examples of such tests are covered in this chapter.
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These tests include that vsed in the exanple of the cinema-goers; thal is,
whether the two classhications used 11 a contingencey table are mdependent
of eme another.'The hypotheses tor such a tese are:

H, : The two variables whose values are being measured are independent in
the population.

H :The two variables whose values are being measured are not independent
in the population.

In order to carry out this test, vou need to know more about the xl
distmbution,

Figure 3.1 is an example of a % distribution. The shape of the ¥* distribution
curve depends on the number of free variables involved, the degrees of
freedom, v. To find the value for v in this case, vou start off with the number
of cells that must be filled and then subtract 1 degree of freedom for each
restriction, derived trom the dara, that is placed on the frequencies. In the
cinema example above, yvou are imposing the requirements that the rotal

of the frequencies must be 150, and that the overall proportions of people
enjoying horror films and action movies are ﬁand% , respectively.
Hence
r = 4 (number of cells)
— 1 (total of frequencies 1s fixed by the data)

— 2 (proportions of people enjoving each tyvpe are estimated
from the dara)

=1
So Figure 3.1 shows the shape of the ¥* distribution for 1 degree of freedom.

In general, for an m % n contingency table, the degrees of freedom are

v = m ¥ n (number of cells)

= (m+ n— 1) {row and column totals are fixed but row
totals and column totals have the same sum.)

=mn—m—n-+1

= {m— 1){n—1).

As you will see later in the chapeer, the calculanon of the degrees ot freedom
varies trom one ¥° test to another,

Figure 5.2 shows the shape of the chi-squared distribution fore = 1,2, 3, 6,
and 10 degrees ot freedom.



As you can see,
the shape of
the chi-sguared

(.5 -

A Figure 3.2

You can see in Figure 3.3 a tvpical ¥* distribution curve together with the
critical region for a significance level of 1 — p. An extract from a table of
critical values of the ¥° distribution for various degrees of freedom is also
shown. The possible use of the left-hand tail probabilities (p = 0L01, p = 0.025,
and so on) is discussed later in this chapeer.

jmmh;uan A Some typical critical values
E‘F'Eh” kil of 1 - p are 0.1, 0.05, 0.025,

e 0.01 and 0.005.

number of

degrees of

freedom. So the

critical region

also depends

on the number -P

of degrees of

treedom.

0 r

P 0.1 0.025 0.05 0.9 0,95 0975 0,99 0,995  0.999

pv=1 (.0°1571 0.0F9821 (.023932 2706 3841 5024  6.635 T8O 101,83
2 | 0.02010 005064 (1026 4605 5991  T378 9210 1060 1382
3 01148 .2158 ().3518 6.251 7815 9348 11.34 12.84 16.27
4 | 10,2971 00,4844 0.7107 7979 9488 11,14 1328 1486 1847
5 | 0.5543 (,8312 1.145 B.256 11.067 12.83 153.009 16.75  20.51
6 | 0.8721 1.237 1.635 10164 12,59 14.45 16.81 18.55 2246
7 1.230 1.6%0 2.167 12.02 1407  16.01 18458 2028 2432
B | 1.647 2180 2.733 13,36 15,51 1753 2009 2195 2612
9 | 2088 2700 3.325 1468 16,92 1902 21.67 2359 27H8

A Figure 3.3 Critical values for the y*-distribution. Tip: 0.0*1571 means 0.0001571.
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Properties of the test statistic X?

Yo bave seen the test statistic 15 given by

= Z 2 —fL}

AN L ==

Here are some points to notice:

w 1tis clear thar as the diference between rhe expected values and the
observed values increases then so will the walue of this tesr staristic,
Squating the rap gives due weighe to any particularly large differences,

[t also means that all values are posilive.

» Dividing (f — f)* by f has the effect of standardising that element,
allowing tor the fact that the larger the expected frequency within a class,
the larger will be the difference between the observed and the expected.

» The usual convention in statistics is to use a Greek letter for a parent
population parameter and the corresponding Roman letter tor the

un
=
i
Ll
=
a
L
=
=
-
o
un
—
= =
2
Ly

equivalent sample statistic. Unfortunately, when it comes to %7, there s no
R.oman equivalent to the Greek letter ¥ since it translates into CH. Since
X looks rather like ¥, a sample statistic from a ¥* population is denoted

by X2 (In the same way Christmas is sometimes abbreviated to y¥mas but

. Al
written Ximas.)

For example:
Population parameters  Sample statistics
Greek letters Roman letters
U m
T 5
fal r
MNote

An alternative notation that is often used is to call the expected frequency in
the jth class Fi and the ohserved frequency in the ith class Ob.

In this notation

! (0, -E)’
“::Er—

Continuing with tests on contingency tables

The 4 * 3 contingency table on the next page shows the tvpe of car (saloon,
sports, hatchback or SUV) owned by 300 randomly chosen people, and the
agre category [under 30, 3060, over 600 into which the owners fall.
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The marginal
totals are not
essentialina
contingency
table, but it is
convontional -
and canvenient
- to add them.

They are very [il  Write down appmpriatt-:: h‘_-.-'putltn-::sur; for a test to investgate whether
helpful far type of car and ovwners age are mdependent.
subsequent il Calculace expeered frequencies assuming that the null hypothess is ouae.

caleulalions. it
1 | 1] Calculate the value of the test statistic X2,

[iv]  Fime the critical value au the 5% significance level.
[v]  Complets the test,

[vi] Comment on how the ownership of different types of car depends on
the age of the owner

Solution

[l H,:Car type is independent of owner’s age.
H : Car type is not independent of owner's age.

(il

ajqe} Aauabunjuod e 1oy jsa) pasenbs-iya sy |

40.200
15,400 LELSO 36
57.756 233.900 113
39356 )/ 23100 77

184 /| 108 360

P

You nead to calculate the expected frequencies in the table assuming that the
null hypothesis is true.

Uze the probability estimates given by the marginal totals.

Far instance Lthe expected frequency for hatchback and owner's age 15 over &0
Is given by

113 108 _ 113 x108 _
E&Dxmxm-a—ﬂﬁ——ﬂ?ﬂﬂ

This illustrates the general result for contingency tahles

product of marginal totals for that cell

ted f f L=
e number of observations

-
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You need to check that all the frequencies are large enough to make the ¥*
distribution a good approximation to the distribution of the X* statistic. The
usual rule of thumb is to require all the expected frequencies to be greater
than 5.

This requirement is [just] satisfied here. However, you might be cautious in
your conclusions if the X? statistic is very near the relevant critical value. |f
some of the cells have small expected frequencies, you should either collect
more data or amalgamate some of the categories if it makes sense to do so.
For instance, two adjacent age ranges could reasonably be combined, but
two car types probably could not.

o 24
i) The value of the X? statistic is X* = o= L)

.

The conmibutons of the various cells to this are shown i the table

un
=
[T]
Ly
o
=
Ly
o
-
=
= ]
wn
-
X . :
i e lomar
L ]

An example of the
calculation is

—» 9.262 0.032 7.021

(10-25311¢ _, =

ey - 1ebl 21,888 1.052 5.633

for the top-left 5.319 2,003 0,000

cell. 3,913 7.034 3.585
L

Total = 9.262 + (0.032 + 7.021 + 21.888 + ... + 3,585

The number of o
rows, #i, is &. X7 = 66.749
The number of [iv] The degrees of freedom are given by v = (m — 1){n — 1).
columns, &, is 3, pr=(4-1)XB-1=6

From the ¥* tables, the critical value at the 5% level with 6 degrees of

Note freedom is 12.59.

TT” Ehﬂ”l;j : [v] The observed X* statistic of 66.749 is greater than MNote
always refer to %n ] [ S
et ettt ﬂlﬂ +_:r1u+:al value of 12.59._50 the null l}ypnﬂmm You reject the
ST is rejected and the aJ_ten.latwe hypothesis 1s null hypothesis if
whan accepted at the 5% significance level: the test statistic
commenting that car type is not independent of owner's age, is greater than
an the way thal the critical value.

or that car type and owner’s age are associated,

cne variable

iz associated [vil] In this case, the under-3{} age group own fewer saloon cars and
with the ather SUVs, more hatchbacks and many more sports cars than expected.
lassuming, of Orcher cells with relatively large contributions to the X~ statistic

course, that

; correspond to SUVs being owned more often than expected by
the conclusion

o e a A0—60-year-olds, and less often than expected by older or younger
th ;rrt erelis drivers, and over-6ls owning more saloon cars and fewer sports
association). cars than expected.

IR E R EEREENESRE RS RN EEE RN EREEREEERER RS R R RN ERR RN R R R ERERENEERERERR R R RN ERERE R R R ERERE R RS R R EEEERRERRE R R ERRERERERERRERENRSSEH:RH\..S]




¥ Technology note

Statistical software
You can use statistical software to carry out a ¥ test for a contingency table.

In order for the software to process the test, you need to input the information
in the table of ohserved frequencies. This consists of category narmes and the
observed frequencies, so, in this case, it is the information in this table.

The software then carries out all the calculations. Here is a typical output,

Chi-sgquared test

A A B C D
o B under 30 3060 over 60
2 Saloon 253111 H8.4889 40.2
3 9.2619 00324 7.0209
4 10 67 57
5 Sports car | 6.5 15.4 10.5
6 21.8882 1.0522 5.633
7 . | 19 14 i
& Haichback 21.3444 57.7556 33.9
= 5.31935 2.003 0.0003
10 32 47 34
11 SUv 14.5444 39.3556 231
12 39134 T.01354 33848
13 7 56 14
Result

Chi-squared test

e o e b e T e 6

R et R B e R 6, 7493
H o e S At e b e e e 0.0000)
A Figure 3.4

Motice that the p-value is stated to be 0,000 This requires some

interpretation.

»  The other output figures are given either to &4 decimal places ar as whole

numhbers.

* 5o you can conclude that p = 0.0000 to 4 decimal places and therefore that

p < 0.00005,

#¢  Sothe result is significant even at the G0H% significance level.
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The ourput shown in Figure 3.4 includes the following informarion:

# the expected frequencies

» the contributions to the X7 statistic
» the degrees of freedom
» the value of the X° statistic

» the critical value for the test, denoted by p; this is the equivalent of
1 — p in the tables.

Y Identiiy where each piece of information is displaved.

¥ What other information is contained m the outpul box? p

Using a spreadsheet

You can alse use a spreadsheel Lo do the Tinal slages of this tesl. To sel il up,
you would need to lake the following steps:
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1 Enter the same information as before; the variable categories and the
obeerved frequencies.

2 Use a suitable formula ta calculate the expected frequencies.

3 Combine classes as necessary if any expecled frequencies are below 5.

4 Use a suitable formula to calculate the contributions to the test statistic.

5 Find the sum of the contributions.

& Find the p-value using the fermula pravided with the spreadsheet, far
Cell H1 contains ‘ example =CHISQ. DIST. RT[HT,4).
the value of the _ : A There are &
test statistic, XZ. | In this case, a typical spreadsheet gives the value of p as degrees of

1.894E-12; that is, 1.894 = 10 %, so much less than the freedom.

upper bound of 0.00005 iInferred from the statistical software.

1 A group of 330 studenes, some aged 1 amd the rest aged 16, 15 asked

0 m “Whar 15 vour usnal method of anspore trom home to school?”. The
frequencies of each method of transporr are shosen in the mble.

[il  Find the total of each row and each calumn,
A student is going o carry out a test to determine whether method

of transport 1 mdependent of agre.

[iill  Show that the cxpected frequency for age 16 students who walk 1
A7.5h.
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liii] Show that the expected frequency for age 13 students who ovele 15

3440,
[iv] Would you expect the methed of mansport to be independent of age: 3

m 2 A random sample of B0 students studying tor a first aid exam was
selecred, The students were asked how many howurs of revision they had

done [or the exann The resulls are shown in che wble, wogether with
whether or not they passed the exam.

lil  Find che expected trequency for each cell of the able, for a test o
determine whether hours of revision is independent of passing or
tailing,

liil  Find the corresponding contributions o the chi-squared Lest
sEACISEIC .

‘D 3 A group of 281 vorers 18 asked to rate how good a job chey chink

the President is doing. Fach is also asked far the highest educational

qualitications thev have achieved. The trequencies with which responses

occurred are shown in cthe table,

ajqe} Aauabuijuod e 1oy jsa) pasenbs-iya sy |F

Use these [gures to test whether there is an association between rating
of the Preadent and hnghest educanonal qualification achieved.

m 4 A medcal wsurance company othee 15 the largest coaployer 1 a small
terarn. When 37 randemly chosen people Tiving in the tovam were asked
where they worked and whether they belonged to the rown'’s health
club, 271 swere found o work for the insurance company, of wham 15
also belonged Lo the health club, while 7 of the 16 not working lor the
msurance company beloneged e the health club.

lest the hﬂ'.!-c}thmi!-; that health-cluhb mmuhcrwhip 18 in-:lr_'pc:n-:lr_'nt of

empl::n_,-‘rrlent |J‘j.-' the medical insurance COMIRITT

m 5  Ina random sample of 163 adule males, 37 sufter trom hav fever and 31
[rons astbuna, both leures including 14 men who sufler (o boch, Test

whether the two condiions are associated.
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A random sample of residents ina town took pare i a survew 'They
were asked whether they would prefer the local councl to spend money

an impraving the local bus service ar on improving cthe quality of
road surtaces. The responses are shown i the [ollowing table, classified
according to the arca of the town i which the residents Tive.

Using a 5% significance level, rest whether there is an association
between the area lived inand preference for improving the local bus
service or improvings the quahty of road surfaces.
Cambridee Tnternational A5 & A Lerel Furfler Mathemafics
$2FT Paper 21 (6 Ture 20 1

Asample of B0 men and 150 women selected at random are tested Lor
colour-bhndness. Twelve of the men and five of the women are found to

be colour-blind. Is there evidence at the 134 level chat colour-blindoess 15
relaced o gender?

Pepressive illness 13 caregorised as type [ 11 or [ In 2 gronp of
depressive psvchiatric patients, the length of time for which their
syinptonns are apparent 1 observed. The resules are shown below.

Is the length of the depressive episode independent of the type of
syinplors?

Custorers were asked which of three brands of coffee, A, B and
they prefer. For a random sample of 80 male customers and 60 fernale
cuscomars, the nambers preferring cach brand are shown in the
followwing rable,

Test, at the 3% significance level, whether there is a difference berween
coflee preferences of male and female custormners,



10

11

A larger randonn sample is now tken, It consists of 80s male customers
and &0n female customers, where # 15 4 posinve mteger. Ie s found chat
the proportions choosing cach brand are idenncal to those i the smaller
sample, Find the least value of s that would lead to a diferent conclusion
feer the 5% significance level hyparhesis tesr,

Cambridge Infernational A8 & A Level Faziler Mathewmatics
231 Paper 21 010 Novewber 2013
Public health afficers are monitoring air qualicy over a large area, Air
qualicy measuraments using mabile instruments are made trequently by
ollicers touring the area, The adr qualivy is classified as poor, reasonable,
wrood or excellent. The measurement sites are clasatied as being in
residenoal areas, industrial areas, commercial areas or raral arcas. The

talle shows a sample of frequencies over an extended period. The row
and column torals and the grand toral are also shown,

Fxamine at the 5% level of significance whether ar noc there is anv
associalion between measurenent site and air qualive statng carelully the
null and allernavive hypotheses you are tesling, Report brielly on vour
corelusions.

ILandom samnples of emplovees are aaken from owo compames, A and
13, Fach emplovee is asled which of three types of coffes {Cappuccino,
Latte, Ground) they preier. The results are shown in the lollowing table,

Test, at the 3% sirmhicance level, whether cotfee preferences of
cmployees are independent of ther company.

Larger random samples, consisting of N oimes as many employvees
from each company, are taken. In each company, the proportions of
emplovees preferring the three tvpes of coftes remain unchanged.
Find the least posable value of N that wouold lead wo the conclusion, at
the 1% sigmihcance level, that coffee preferences of employees ame not
mdependent of ther company.

Clambridae faternationd A5 A Level Further Mathemorics
237 Paper 21 1D Jowe 20012

Awpswers fo pxercizes are aeallable at wune hadderedusation_com S cambridpeesxtras

-
L
L ]
-
-
-
L
-
L]
-
-
L
-
L]
L
-
-
-
L]
L
L ]
-
-
L ]
L
-
L
-
-
L
-
-
-
L ]
L
-
L)
L
-
L
-
L ]
L
-
L
-
£ ]
L
L ]
L)
-
&
L
-
L
-
-
L
-
L
-
-
L
-
-
-
L ]
-
-
L ]
L
-
L
-
L]
L
-
-
-
L]
L
L ]
L)
-
-
L
-
L]
-
-
L
-
L]
L
L ]
L
-
L]
L
-
L
-
-
L
-
L
-
£ ]
L
L]
-
-
L]
L
-
L
L
-
L
-
L]
L
-
-

ajqe} Aauabuijuod e 1oy jsa) pasenbs-iya sy |F




m 12 'T'he bank manager ar a large branch was ivestiganing the inadence of bad
debts. Many loans had been made during the lase year; the manager inspected
the records of & random sample of 96 loans, and broadly classified them

as salislactory or unsatislactory loans and as having been made 1o privale
individuals, small businesses or laree businesses. The daca were as follows.

w0
=

]

— : 5

p [l Discuss any problems that could occur in carrying out a % test to

u examine it there is any association berween whether or noc the loan

< was satisfactory and the type of customer to whom the loan was made,
] il Stace suitable null and alternative hvpotheses for the rest described

] N i

T 11y part [i].

o S ar e . o

7 Hill Carry out a test at the 5% level of symificance wathout combining

any EToLps.

liv] FExplain which groups it might be best to cambine and carry our
the test again with these groups combined.

‘D‘ 13 A survey ol'a randow samnple of 44 people s carried oul, Their muosical
preferences are categorised as pop, classical or jase. Thewr ages are
catcgorised as under 200, 20000 39,40 to 5% and 60 or overs A test 15 to be

carricd our to examine wherher there is any association herween musical
preference and age group, The resulis are as follows,

Hl o Caleulate the expected requencies [or Under 2007 and 60 or over’
for pop music.

lii] Lxplan why the tese would noc be vahd vang these four age
Categories.

Hill Stare which caregories it would be best to combine in arder o
carry oul the test.

tiv] Using this combination, carry out the tese at the 3% significance

level.

vl 1iscuss briefly how musical preferences vary berween the combined
age groups, as shown by the contriburions to the rest statistic,
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14 A rescarcher s investnigating che relatonship betweeen the pohoical allegnance
ot universicy students and their childhood covironmenc. He chooses a
random sample of 100 students and finds chat &0 have political allegiance 3
Lo the Alliance party, He also classilies their childhood enviromment as rural
o1 urban, and finds that 45 had a rural chaldhood. The researcher carmnes

ot acest, at the TOS significance Tevel, on this dara and finds char pelicical
allegnance 15 independent of childhood crvironmenc. Given thae A s the
number ot scudents in the sample whao both support the Alliance parcy and
have a rural childhood, (nd the sreatest and least possible values ol A,

¢

A second randomn sample of siee 100N where N s an integer, 1s taken
trom the umversity student populanon. Iois found that the proportons

L,

supportng the Allance party from urban and rural childhoods are the same
as in the first sample. Given thar the waloe of A1 in the first sample was 29,
find the greatest passible value of N that would lead to che same conclusion
(that polincal allermance s independent of chuldhood covaronment) from a

0 SSALPOO

¥

test,ac the 10% sigmheance level, on tns second set of data

S153] ]

Cambridor Tnternational AS & A Lewvel Forther Mathenatics
9231 Paper 23 Q11 June 20013

% 3.2 Goodness of fit tests

The 7 tese s commaenly wsed to see if a proposed model fies observed data

¥ Why 1s 1t that the model should fit the data and not the other way
reund:

Goodness of fit test for the uniform distribution

Are these dice biased?

Yong claims that the dice he is using are fair. His friend throws the dice 3
total of 120 times with these results:

Score i 5 4 3 2 1
Freguency 12 16 | 13 | 23 24 30

Doy these [gures provide evidence that the dice are binsed, or 15 this just the
lewel of vartation vou would expect to ocour naturallyy Clearly, a formal
statistical rest is required.

The expected distriburion of the resules, kased on the null bypothesis char che
outcones are not biased, s easily obuained, The probability of each oucome

) uti s _ 1
15 !’l and so the expectation for each number 120 x 2= 20,
3 ¥

QOutcome 1 2 | 3 4 3 | 6
Expected frequency, f, 20 20 | 20 20 20) | 20
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You would not, however, expect exactly this resull lrom 120 throwaes. Indead,
vou would be very suspicions of somebody cimmed to have obtaned i,

and might well dishelicve it You expect random variation to produce small
differences in the frequencies, The question is whether the quire lirge
differences in the case of Yong’s dice can be explained in this way or na,

Motice that thess
are the same When this 15 written i the fornal Linguage of statistical tests, 16 becomes:;
hypatheses that i
yau waould use for  —*H 1 p = o for each outcome.
a test onwhether
the dice are

1
, H : p 2 - for each outcome.
hiased. rPT g

The expected frequencies are denoted by f and the observed frequencies by
o

[ .To measure how far the observed data are from the expected, you clearly

need to consider the difference between the observed frequencies, f, and the

expected, f. The measure that is used as a test statistic for this is denoted by

Xand given b};
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: (f, = f.Y
Xt = E S

All classes =1

You have .':.ln::z.d}r met this statisoic when r_':arr],ring out tests inwﬂving
contingency tables earlier in this chapter. In this case, the calculation of X* is
as follows.

6 5 4 3 > i
12 | 16 5 23 | 24 30
20 | 20 | 20 | 20 | 20 20
-8 —4 -5 3 4 10
64 | 16 | 25 9 | 16 | 100
32 | 08 | 125 | 045 | 08 5

X1=32+08+1254+045+08+5=115

The test statistic X* has the %* (chi-squared) distribution. Critical values for
this distribution are given in tables but, before vou can use them, you have to
think abour two more points.

¥ What 15 to be the simificance level of the test?

This should really have been set before any data woere collected. Because it 1s
unusual tor dice ta be biased, it would seem advisable to make the test racher
stricl, and so the 1% signilicance level is chosen,

» How many degrees of freedom are mvolved?

As mentoned 1o the section on contungency tables, the shape of the ¥ #
distribution curve depends on the mamber of free vanables involved, the

LR LR EEEENERE RS EEREEE RN EEEEREEERER RS R EERERR RN R R R ERREENEERERERR R R R R ERERE R RN R ERERE R RS R R EEEERRERRE R R ERERERERERRERENRSEH:RHS.]

degrees of freedom, ¢ To find che value tor v vou start of with the number




degrees of freedam

ol cells that must be [lled and then subitract 1 degree ol freedom [or each
restriction, derived from the daea, chat 15 placed on the frequencies.

In ths case, there are six classes (cormesponding wo scores of 1,2, 3,4, 5 and 6]
hut since the ol number of throws is fised (1200 che frequency in che lase
class can be worked out if vou know those of the first five classes,

number of classes

“‘1

i = 6 - 14

Looking in the rables for the 1% significance level and v = 5 gives a cricical

value of 13,00 see Figure 3.5.
nurmber of

Since 11.5 <0 15,049, H, is accepred, restrictions

Therte is no reason at this signilicance level wo believe that any number was any
more likely to come up than any other. Yones dice appear to be unbiased.

p | 0.01 0.025 0.05 | 0.9 095 0975 (0.997] 0.995 0.999
p=1 001571 009821 0093932 | 2706 3841 5024 6.635 | 7.879  10.83
2| 002010 005064 01026 || 4605 5991 7378 9.210 | 1060 13.82
300148 02158 03518 | 6251 7815 9348 1134 | 1284 1627
4 02971 04844 07107 | 7779 9488 1114 1328 | 1486 1847
C-.H (1,5543 ,8312 1.145 0,236 11.07 IE,E‘\"“IS,HU# 16,75 20.51
6 08721 1237 1635 10.64 1259 1445 1681 1855 2246
7 | 1.239 1690 2167 1202 1407 1601 1848 2028 24.32
8 | 1647 2180 2733 13.36 1551 1753 2009 2195 26.12
9 | 2088 2700 3325 1468 1692 19.02 2167 2359 27.88
Note p
This is a ane- critical
talled testwith region, 1%

only the right-
hand tail under
consideration.
The interpretation
of the left-hand
tail [where the
agreeament seoms
to be too good| is
discussed later in
Lhe chapler.

/ The test statistic

2=
i . ' X2=115

1154 15.09 = is outside the
critical region.

& Figure 3.5

MNote

As with the test for a contingency table, the expected frequency of any class

must be at least five. If a class has an expected frequency of less than five,
then it must he grouped together with one or mare ather classes until their
combined expected frequency is at least five.

When a particular distribution is fitted to the data, it may be necessary to
estimate one ar more parameters of the distribution. This, together with the
restriction on the total, will reduce the number of degrees of freedom:

v = number of classes - number of estimated parameters - 1

Awpswers fo pxercizes are aeallable at wune hadderedusation_com S cambridpeesxtras
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Goodness of fit test for the Poisson distribution

Example 3.2

I'he expected
frequencies are
not rounded
to the nearest
whole mamber.
To do so would
mrvalidate che
test. Expected
frequencics do
not need w be
mlerers,

/

The number of teleplone calls made 1o 4 counselling service is thought Lo

be modelled by the Powson distribution. Data are collected on the nomber ot
calls received during one-hour periods, as shown in the aable. Use these daa
to rest ar the 5% significance level wherher 3 Poisson model is appropriare,

() 1
& 13

Solution

[
i
4

4 5 6  Total
4 7 4 0 70

H, :The number of calls can be modelled by the Poisson distribution.

H :The number of calls cannot be modelled by the Poisson distribution.

Nothing is known about the [orm of the Poisson distribucion, so the data
must be used wo estimate the Polsson parameter,

From the data, the mean number of calls per hour 1

0xX6+1x13+2Xx26+3Xx14+4x71+5x4 _ 155
70 — 70

The Poisson distribution with parameter A= 2214 is as follows.

= 2.214

0 2214 70 3¢ 10,1093 7.65
1 - 2214 .

e T 70 % 0.2419 16.%3

2 ,)
_a 314 2-3]4 70 % (.2678 18.74

3 3 7 A
gt 5 % 70 % 0.1976 13.84

4 2 4
a-2218 --24‘.‘1 20 % 01094 7.66

5 RE]
e 22 3 —2'2;1,4 70 % 0.0484 3.39
=6 1 —P(X < 6) 70 % (1L.0256 1.79

The expected [bequencies [or the List two classes are bath less chan 5 buc
if they are put together to give an expected value of 3.2, the problem 1
CVCTCOIMC.

The expected frequency tor the last class is worked ouras 1 — P{X < 6)
and not as P(X = 6}, which would have cut off the nghe-hand tal of che
distribution, The classes need o cower all pessible ourcomes, nat just those
that occurred in vour survey.




The table [or calculaling the test statistic is shown below.

0 1 2 3 4 5+ Total
b s f 13 26 14 7 4 70
have been . - L | |
calculated 7.65 16.95 18.74 13.84 7.66 5.18
from the exact
LG ~1.65 | —3.93 | 726 | 0.16 | —0.66 | —1.18
frequencies, - : ——
r”:lt thE‘ munded “.3:’44 D-.{-J'].EE' | E.E{I‘EU { 1:'.':’”2“ {.}.U:'Eh" ”-E?UE | 4-—44{'

figures given Lo
above. X2 =0.3544 + 0.9126 + 2.8080 + 0.0020 + 0.0567 + 0.2702 = 4.4040 T
@
The degrees of freedom are g
=
v = number of classes — number of estimated parameters — 1 E
0 1 2 3| 4 53+ |Total =
6 | 13 | 26 14 | T | 4 | 70 3
v = ? = 1 = i = 4 B
The number of classes hwas The total
is 6 because 2 of the estimated as frequency
original 7 classes have 2.214, one (70] is one
been combined. restriction. restriction.

From the tables, the critical value for a significance level of 3% and 4 degrees
of freedom 1s 9.488.

The calculated test statistic, X* = 4404, Since 4.404 < 9488 H_ 15 accepted.

The data are consistent with a Poisson distribunon for the number of calls.

L
Cail

This means the
chi-squared

g

2 x4 distribution with

}_,:;_ 4 degrees of freedom,

5 950

2 SRR BRI critical

E region, 5%
r A, : by -

0 3 ( 14404 & 8 ( 0,488 x?

"[ESt statistic‘ critical value

A Figure 3.6
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Technology note

You can also use a spreadshest to carry out the steps for a goodness of fit
test for the Poisson model. To set it up, you would need to take the following
steps.

1 Enler the variable calegories and Lhe observed frequencies. In Lhis
example they are

. EEEEEsEEEE
In this case, the 6 13 | 26 | 14 7 4 0

mecan warks out to —
ba 2.21429. 2

Find the mean value.

~#3 Calculate the Poisson probabilities and use them to work out the expected

This includes the frequencies.

final class, which Combine classes as necessary if any expected frequencies are helow 5.
is apen-ended,

Calculate the individual contributions to the test statistic.

wn
b=
ul
0
=
a
L
e
=
-
=]
un
-
=
2
Ly

Find the sum of the contributions.

Find the degrees of freedom.

m =] O« N 5~

Find the pvalue using the formula provided with the spreadsheet, for
example = CHISO.0IST.RT.

A typical display for this example is shown below.

11 B C D E F G H
1 No.ofeals. | o | 1 | 2 | 3 | a | 5 | =6 |
| 2 Observed ‘ 6 ‘ 13 ‘ 26 ‘ 14 ‘ 7 ‘ 4 ‘ 0 ‘
3 Iixpe:ted 7646 16.931 183.745 13836 7659 1.397 1.792
i
5 Mean 221429
7]
7 Mo of calls. 0 1 2 3 4 ==5 Sum
B Observed | 6 | 13 | 26 14 | 7 | 4 | % |
5 Fxpected 7.65 1693 | 1874 | 1384 | 7.66 518 | 70.00
10 Contribution |0.334423(0.912643 |2 8080360001955 |0.056604|0.270227|4.403979

11 d of freedom 4
12 p-value 0.3541
13

& Figure 3.7

You can adapt these steps to use a spreadsheet to test for goodness of fit of
other distributions.
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Goodness of fit test for the binomial distribution

Example 3.3

An g packaging finn has mtroduced a nes box for s egges. Lach box holds
s1x e, Unfortunately, it finds that the new box tends to mark the eggs. Data
on the namber of eges marked in 100 hoxes are collecred.

o | 1] 2] 3] 4] 5| 6 Toal
3|3 2?|2*}|1u ;'|31 100

It is thougly that the distribution may be modelled by the binomial
distribution. Carry out a test on the data at the 0.5% signilicance level w
deternune whether the data can be modelled by the binormal distnbuton.

Solution

H,: The number of marked eggs can be modelled by the binomial
distribution,

H,:The number of marked eggs cannot be modelled by the binomial
distribution.

The binounal dstribution bas two paraneters, o and p The parumeter w1
clearly 6, but p1s nor known and so must be esnmated from the data.

I'rom the data, the mean namber of marked cggs per box s

OX3I+1XI+2XIT+I3X29+4Xx10+5xT7+6X21
100

Since the pﬂplﬂatinn Mmean 1% NP YO May esrmate n hj.r putting [:;:- =345
estimated p = 10L375 and estimated g = 1 — p = (0,425,

= 3.45

These parameters ave now used o calculare che expected frequencies of O, 1,
2, .06 macked eges per box in 100 boxes,

() (0,425 0.003%9 (1,59
I 6 x (0.575' x (.425° 0.0478 4,78
2 15 x 0.575% x (.425* 0.1618 16.18
3 20 x (.575* x 0.425° 0.2919 29,19
4 15 = 0.575* % 0.425 (.2962 29,62
5 f % (1.575% % (1.423' 0.1603 16.03

0,575¢ 0.0361 | 361

In this case, there are three classes with an expected frequency of less than 3,
The class for x = 0 15 combimed with the dass for x = 1, brimgnng the
expected frequency qust over 5, and che class tor & = 615 combined wath chat
im0 = G

-3
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0,1 2 3 4 a, 6 Total
G 27 29 10 28 100
537 16.18 | 29,19 - 29.62 | 19.64 100
.63 1082 | —0.19 | -19.62 8.36
.07 7.24 0.00 1 13,00 | 3.56

The test statistic, X° = 0.07 + 7.24 + 0.00 + 13.00 + 3.36 = 23.87

The degrees of freedom

v = 15: = + = 1 = 3
A number of One degree of One degree
classes freedom lost of freedom
i because pwas lost because
estimated. of restriction

af total.

critical region, lz%

Probability density function

T T .'I—:-"
0 I 4 # 12 T 16 20 f 24 x
mode occurs critical value, test statistic,
at 1 12.84 23.87
A Figure 3.8

From the tables, for the 0.5% significance level and v = 3, the critical value of
X3 is 12.84.

Since 23.87 > 12.84, H,, 1s rejected.

The data indicare that the binomial discribution is not an appropriate madel
[or the number of marked eges, IFvou look at the disteibution of the data, as
Ulustrated 1 Figure 3.9, vou can casily see why, since 1t 15 bunodal.

foa
k]
You can see that
the distribution
e hias two peaks.
They are not
I both exactly the
" same helght, but
| the second peak
Al || . is sufficiently
0 | 2 3 4 5 & high La suggest
Marked eggs per box himodality.
A Figure 3.9



Example 3.4 It is penerally believed that o particular genete delect is carried by 109

since the
expected
frequency for 0
positive tests is
less than b, yau
need to combins
this class with
the class for 1
positive test. For
the same reaseon
wau also need

to cormbine the
classes for 6 and
T+ positive tests,

ot people. A new and sunple test becomes available o determine whether
somehody is a carrier of this defect, using a blood specimen. As part of a
rescarch projece, 1O haspirals are asked to carry out chis test anonvmaonsly on
the next 30 blood samples they talke. The resuls are as tollows,

11129 | 26 | 20| 9 | 3 | 1 |

( 1 2 3 4 2 i Fks

o these figures support che maodel thar 10% of peaple carry this defect,
idependently ol any other condition. at the 5% sgnilicance level?

Solution

[—I“: The model that 10% of people carry this defect 15 appropriate.
H,: The model that 10% of people carry this defect 1s not appropriate.

The expected frequencies may be found using the inomal distribution

B30, 0.1,

4.24 (1413 2277 2361 | 1771 | 1023 | 474 | 258

The calculation then proceads as follows,

.
0,1 2 3 4 5 | P+ | Total
40 26 20 9 3 2 100
18.37 L 2277 | 23.61 17.71 - 10.23 7.32 r 10001
21.63 3.23 | =36l —2.71 —7.23 | =532
25.47 _ .46 ),35 4,28 511 3.87 _
The test statistic X2 =2547 + 046+ 055+ 428 +5.11 + 3.87
= 3074
The degrees of freedom,
v = 6 — () — 1 = 5

2 1

Mo parameters One degree of freedom lost
wers estimated. hecauss af restriction of tatal.

-

number of
classes
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- V £
=
E
=
=
5
= 05%
= ot critical region,
E =L [E)] 5%
=
=
i'“l';
0  § « a : B A%
' [ .. | | test statistic, |
mode occurs critical value, 99 74 well into
1.07 al 1
ks LU critical region
A Figure 3.10

From the tables, for 3% sigmficance level and v = 5, the critical value of I? 1%

11.07. Since 39.74 > 11.07, H,, is rejected.

The data indicare that che binomial disoribution with p = (0.1 is not an
appropriare madel.

Motes

1 Although this example is like the previous one in that both used the
pinomial distribution as a model, the procedure is different. In this case,
the given model included the information p = 0.1 and so you did not have
to estimate the parameter p. Consequently, 3 degree of freedom was not
lost from doing so.

2 Thewvalue of X was very large in comparison with the critical value. What
went wrong with the model?

4 Mouwill find that if you use the data to estimate g, it does noft work out ta
pe 0.1 but a little under 0.0Y. Fewer people are carriers of the defect than
was believed to be the case. If you work through the example again with
the model p = 0.07, you will find that the fit 1s good enough for vou to start
looking at the left-hand tail of the distribution.

ACTIVITY 3.1

Carry our a goodness of fit rest for the dara m Example 3.4 using the
p-value estimated from the data, Y




Goodness of fit test for the geometric distribution

Example 3.5 At a taleno spotting event for vouny football plavers, 100 of them take

penalcies until they score a goal. Data on the namber of artempes required for
a plaver to scare are given below:

1 2 3 4 > | 6 Fi 8 4 | Total
20123 |19 |17 [ 10| 6 3 () 2 100

It is thoughr that the distribution may be modelled by the geomerric

. : . o . W

distribution. The spreadsheet shows calculations Lor the test statistic and the L

p-value, H L

g

[il  Give a spreadshect formula chat could be used to caleulare the tese s 2

scaristic from the conoriburions. =

-

lil  Use the spreadsheet omtput to carry our a test ar the 5% significance P =

lewel to derermine wherher the data can be modelled by the geomerric P =

distribution, -
A A B C D E F| @ i I ] :
| | Attempts 1 2 3 4 3 1] 7 ® :
2 | Ohserved [requency 20 23 o L7 10 G 3 0 2 F
3 | Probability 03164557 [ 0206310 | 004786 | 010107 [ 006908 | 004722 | 003228 | 002206 | (01508 .
4 | Expected freguency Iladan? [ 216300 [ 147858 | 101068 | 690843 | 472222 | 322785 | 220638 | 50816 .
5 .
fi | Attempts I 2 3 4 5 GorT ==H Sum E
7 |Observed frequency 20) 23 19 17 10 9 2 100 :
8 | Probability 0,31 646 021631 | 0.14786 | 0.10107 | 006908 | 007950 | 06972 I E
0 | Expected frequency il.es 21.63 14.79 111 0,91 T7.05 697 10
10 | Contribution 42856 0.0E6S [.2011 47014 1.3835 01387 35459 | 153427 E
11 :
12 |Mean 314 :
13 | Geometric p (3165 :
14 :
15 |.X7 statistic 15.3427 :
16 |doff 3 :
17 |p=-value 0.0EG9S :
A Figure 3.11 :
liii]  Explain why the number of degrees of freedom s 3. .
livl] Faxplain why there is no expected frequency for ¥ in the second table, :
Note :
You are not told the value of p so you have to estimate it from the data. Tao :
da this, you first find the mean and then use the fact that, far a geamelric .
distribution, E(X) = ﬁ :
+ ]

103
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Mote

You know from
cell HY that

the expected
frequency far
=g is 4.7 and
from cell |4 that
the expected
frequency for
8i1s 2.27.

Example 3.6

Solution

li]  Sum(B10:HT0,

lil H_:The number of attempts can be modelled by the geometric
distribution.

HIZThC number of attempts cannot be modelled by the geometric
distribution.

The p-value of 0.008994 < (1,05 so vou have sufficient evidence
to reject H_ and conclude that the geometric model may not be
appropriate.
[iii] There are seven classes and two restrnictions, the total munber of 100 and
the estimated value of pso there are 7 -1 — 1 = 5 degrees of freedom.
liv] 'There 11 ne expeered frequency for 9 or more attempts since the
expected frequency for % or maore would be 6.97 — 2.21 = 4.76, which
15 less than 5.

Testing whether data come from a given normal
distribution

It is a comman assumption in scatistics that a set of data arises fiom normal
distribution, lor wmstance when conductng o i-test, Tow can vou Lest, from
the information 1 a sanple, whether this assumption w5 ustthed? COne
mathad, using the ¥ * rest, 15 shown in the example helow:

When an intelligence test was standardised, scares an the rest were discribured
normally with mean 100 and standard deviarion 15, Tswenty vears larer, i is
thought that the discribution of scores may have changed.

The meelligrence scores of a randoem sample of 40 people were measured and
are rven below

L2 1006 2 112 103y 113 125 | {18
1083 |27 110 112 120 w7 115 L]
118 H7 114 1) fats 117 119 | (13
13 94 NS 114 W 112 |33 w7

1§ it 114 124} 115 Y4 110l 10y

Use these data o test whether the discribution is indeed still normal.

Solution

The hypothesss are:

H, : Q has the distribunon N(100, 157)

H : Q does not have the distribution N{100, 15%)

where €215 the random variable giving an individnals tese score.



One possible way of wroupnyr these data 15 as follows,

Hi3, 2 2
BA.5—15.3 R
053 51015 10
10431135 B
113.5- 12
You can now calculate the frequencies you would expect in chase incervals =
under the assumprion that the null hyporhesis s true. : :;
=)
You know that ©Q is a random wvariable for which the distcribution is §
IN(100, 157 under the null hypothesis, so that s
= Ln
A~
— ETEl a h
P(86.5 < Q < 95.5) = p(H2 100 o 7 o 2100 P2
15 15 B
: B
= P(-0.9 < Z < —0.3) P 3
= d(0.9) — B(0.3) 5
= (0.8159 — 0.6179 :
= (.1980 :
and so the expected frequency for the interval 36,5955 15 C1980 = 40 = 7420,
The other expecred frequencies can be found by similar calculations (and the
sytmmetry of the intervals about the hypothesised mean), resulting in the able :
ol observed and expecied [requencies below.
6.3 2 7,302 :
Hi o Yaa H T2 *
95510145 1) 9.433 :
1iM,5-113.5 H 74920 :
113.5- I 12 1 7.362 | :
The statistic
s 5

g o v E &
has an approximately %* distribution under the null hypothesis. Its degrees of
freedom are given by :

v = number of classes — 1
where one degree of freedom is lost because the toals of expected and :
olhserved frequencies are equal,

— -
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Here

S RS
T 7362 7.920 9.433
L (B=70001 {12 7360}
7.920 7.362
= 6.863

ander=5-1=4,

Observe that the expected frequencies for each cell are greater than 5, as
required for the %° distribution to be a good approximation, so that you can
use the % rables to determine the critical value; for 4 degrees of freedom

at the 5% level this 1s 9.488. Since 6.863 < 9,488, you can accept the

null hypothesis that the sample is drawn from an underlying N{100, 15%)
distribution.

Mote

It is very important to be clear exactly what the acceptance of the null
hypothesis means: that it is not particularly implausible that the data seen
could have arisen from random sampling of the stated normal distribution. In
no sense have you confirmed that the underlying distribution does have this
farm, merely that it is nat unreasanable to assume that it does. The same
data used in a (-test to test the null hypothesis g = 100, on the assumption
that the sample is drawn frorm a normal distribution with mean g, leads to
rejection of the null hypathesis at the 1% level.

Testing for narmality without a known mean
and variance

When testingr for normaliey of the underlving distnibution, in preparation

tor conducting a f-rest, for instance, vou are mercly asking whether ic is
appropriare to assume thar the underlying disrribution is normal in shape; nac
wherher it has a specific mean and variance,

Example 3.7

An experiment is conducted o determine whether peoples estimares of one
munute bave a mean duraton of one manote. Data 13 to be collected by askangr a
sample of people to say “stare and “stop’at dmes they estimace to be one nuinarte
apart. The actual time apart, in seconds, is recorded by the experimenter. A
t-test is o he conducred of the vpothesis chat the mean acoal rime apart is

6 seconds. Before this is done, a preliminary sample is taken.

The estimates (in seconds) obltained when this preliminary sample was Laken
are listed belowe

a5 A1 2l h3 a7 f1l 38 249 43 h2
&7 AY 350 1§ A7 4 59 401 54 53

{1} A = i e T 57 o ok h>



50 il S8 51 42 47 (2 37 45 43
51 42 39 l¢ 23 53 35 > a0 53
40 38 41 53 45 il 33 54 41 53

Use these data to deoide whether che a&;:-;umptiun of nnrmah'l:}f 15 reasonable.

Solution
The hypotheses e be tested are:
H,: Estimates are normally distributed.

H : Estimates are not normally distributed.

With these data, start by calculating the sample mean and the usual sanple
estimate of the population standard deviation.

DS
x=51.1 and == pryms = 7.564

Now use these estimated parameters to calculate the expected frequencies:

that 15, test the fit of the data to the normal distribution N(51.1, 7.564%).

The data must now be grouped. One possible groupimg is shown below:

—41.5 1]
11.3—15.5 A
43,5 4495 4
49 5-53.5 El
33.3-57.5 16
75— 11

The expected frequencies for chese groups can he calculaced as set ot helosw

—41.5 41.5 —1.2692 1,14122 0.1022 &.132
115455 | 455 =170 {1.22%5 (1273 EREE L
45.5-49.5 44.5 L2115 4162 . T8G7 11,2012
445535 a3t 317729 1Lh244 {1.2082 12,4492
33,3575 a7.h 054611 8012 0.1764 1600
57.5— o v 1 1.1948 11925
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The statisuie 15

X2 = 2 {fu_;l.:}'l

All groaps IF*

(10-6.132) | (5-7.638)*  (4—11.202)* (14 -12.492)’
6.132 7.638 11.202 12.492

(16 —10.608)° (11~ 11.928)?
10.608 11.928

= 2.440 + 0.911 + 4.630 + 0.182 + 2741 + 0.072 = 10.976.

'Tey caleulate the degrees of freedom, recall that vou have used che data o
estimate two paramerers {the mean and che standard deviation) for the
disteibution. This means chat both the observed and expected [requencies
must sve the sume total frequency, the sane sample mean and the sane
sample estimare of the standard deviation. These dhree restrictions on the
possible frequencies in cach class reduce che degrees of freedom by three
trom cthe number of classes,

1 = 6 1 - 2 = 3
iy s =
number of classes total frequency number of parameters
fixed gslimated from the data

With 3 degrees of freedom, the crinical value at the 5% level for the ¥
distribution is 7.813.

Since 10,976 = 7815, vou reject the null hypothesis that the dara were drawmn
fram & normally distributed population, and conclude chat it would nar be
appropriate w use a et lor assessing the hypothesis g — 610,

> Explain why, despice chis resalt, vou could use a normal test.

e 1

i for each cell calculated above you

can see which differences between observed and expecred trequencies are

As before, from the values of

important, in the sense of making a large contribution to the ¥° statistic.

The observed frequency of 10 in the first cell is itselt substandially higher
than the expected frequency of 6.132, but this excess of low estimates also
brings down the estimate of the mean to the lower end of the main peak

of the distribution. Hence a class above that containing the estimated mean
has a significantly higher observed than expected frequency and the class
below that containing the estimated mean a significantly lower observed than
expected frequency.



Mote

There is a certain amount of arbitrariness in the grouping of data that
precedes the ‘goodness-of-fit’ test; you want to ensure that there are
enough classes to discriminate between different distributions, but that
each is wide enough to have an expected frequency of at least 5, There is no
need to choose constant class widths, and, in fact, it would be wise to have
narrower classes where the expected distribution has the greatest density.
Ficking class widths so that the expected frequencies are all about 8-12 s a
reasanable rule of thumb.

Testing goodness of fit with other continuous
distributions

You can also use the ¥ % test for the soodness of it of 4 set of data to other
continuous underlving distribunions, not just che normal, as the example
helows illastrares,

Example 3.8

It is suggested that che time intervals berween arrivals of passengers ac a bus
stop cant be modelled by an exponental discributon, provided that buses
appear suthoently frequentdy and unpredictably for passenggers sionply to turn
up independencly at randam.

The time intervals berween 346 successive arrivals ar a bus stop were measured
(in seconds) and are recorded belosw:

Gl 43 23 23 al 37 23 23 14
13 Sl a 6.3 a1l 33 15 talh 52

6 3R 41 33 52 24 36 30 42
16 10 23 161 21 1 3 14 15

Use chese data to ilﬁ-‘-:."-itigﬂl’-.‘. the iuggririﬁn-

S50 Time interval Observed
The hypotheses to be rested are (nearest second) frequency, f
as folloss, ] 4
H,: The time intervals berween 10-15 7
passenger arrivals are exponencally 2029 £
dhstributed. AN=39 5
H,: T'he fime incervals herween 4k 44 8
passenger arrivals are not exponeneially Bi=54 4
diztribured, -0t 3

' =79 i

A srouped requency distribudon lor
Lhie samnple looks like this.
=3
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To calculate the expected frequencies, vou need to use the probabilicy
density funcoion for the exponennal disoributiem. Ths s goven by

f(f) = Ae M
The mean of this daea 15 33.58.

The mean of the distribution 1s % 50 you can estimate A from the sample
mean as % = (.02978,
The probabihty that an exponendally distributed variable lies beoween @ and

h1s

&
‘[ﬂ.e"—"dr = e =
a

s0 the expected frequencies can be calculated, tor example for the class
interval 2029 (that is, with class boundaries 19.5 and 29.3) as

3{.' S {EAL'ZPISJTH.‘:{]H.E- s E—'fP.IZIE':"T-'H}{E':"j] = 3{] e [.}.144 IU = 5.13?4.

The complete sel of expected requencies s as [ollows;

g .246 34 HOET
10-10 L on9a07 69867
24129 G144 10 5.1874
330 L9y | 58515
=T LT 2.8507
St) 54 U5 B 2,1232
(000 00137 15764
7 0,126 23 43451

Mote that the expected frequency is calculated for the entire interval 70—ea,
not just the interval 70=7%9 in which the maximum of the actual data

lies. In conducting a ¥~ test, it is essental that the intervals for which the
expected frequencies are calculated cover the whole range of the theoretical
distribution, not just the range of the actual data. An alternative way of doing
this would have been to add an extra interval 80—eo, with observed Fru:_lun::nr_‘}.f
(). However, in this example, the expected frequency would have been
considerably less than 3, so the figures used to calculate the final X* statistic
would have been the same. These expected frequencies are not all greater
than 5, so the class boundaries need to be redrawn. One way of doing this is
as follows.



(-9 4 8.8700)
1019 ‘ 7 ' 6.9867
2(1-29 6 5.1874
30149 1 67112
50— | 8 | §.2447

The statistic 1s

xic 3 o f

_(4—887008 (7 -6.9867)" (6—5.1874)°

88700 6.9867 5.1874
. (11 - 6.7112) o (8 —8.2447)°
67112 H,2447
= 5.549 parameter A estimated fram data
classes and the degrees of freedom are /
- "ol
e = 5 - 1 - 1 = 3
surm of A

frequencies fixed

The critical value at the 5% level for 3 degrees of freedom is 7.815,

Since 5.549 < 7.815 you accept the null hypothesis that the underlving
distribution from which the data are drawn is exponential.

The left-hand tail

The ¥? rest is conducred as a one-tailed rest, looking to see if the tese sratistic
gives a value ra the righe of the crirical value, as in the previous examples,

Haonwever, examination of the left-hand il alse gives informarion, In any
tnodellingr situation vou would expect there Lo be sowe varabality, Tven
when usang the binomal to model a clear binormal situation, hike the number
ot heads obtained in throwing a coin a large number of times, yon would

he very surprised if the abserved and expected frequencies were identical.
The lefi-hand tail mav lead vou to wonder whether the ficis too good o be
credible. The [ollowie 15 o very Lamous exanple o the Powsson distnibutions,

Death from horse kicks

For a period of 20 years 1o the 1%ch century, data were collected of the annual
number of deaths cansed by horse kacks per army corps in the Prossian army.

0 1 2 3 4
1005 65 22 3 1
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These data give a mean of 061, The variance ol 0.6079 15 almost the samne,
sugpestang that the Powsson model may be appropriate.

The Pewsson distnibunon (0061) grves these fgmres:

il 1 2 3 4 or more |
108.7 66,3 20.2 4.1 0.7

This looks so close thar there scems lietle point in using a test ro see it
the dara will fir che disoriburion. However, proceeding to the rest, and

n remembering to cambine classes to give expected values of ar least &, the null
@ and alteriative hypotheses are as [ollows.

=

a

T 0 1 2 or more
— 109 65 26

= 108.7 66.3 25

0

- R ~1.3 1

=

g 0.0 0.025 0,00

H_: Deaths from horse kicks can be modelled by a Poisson distribution,
H1: Dreaths from horse kicks cannot be modelled by a Poisson distribution.

The test statistic X = (LO01 + (L025 + 0.040

= 0.066 the tatal frequancy impases ana
The degrees of freedom are given restriction
number of classes & g & b}r ‘:,
Iy = 3 = ,:1 - 1 = 1
one parameter . o _ .
was estimated The critical value of ¥* for 1 degree of freedom at the 5% significance level is

3.841.

As 0,066 = 3.841 it 15 clear that the null hypothesis, that the Poisson
distribution is an appropriate model, should be accepred.

The tables relating to the left-hand tail of the ¥ distribution give critical
values for this situation. For example, the value for 953% significance level
for v =1 15 0.0039.This means that if the null hypothesis is true, you would
expect a value for X2 less than 0.0039 from no more than 5% of samples.

» Looking ar the expected values of the Poisson distribution in
comparison wich the observed values suggests that the fit is very good
indeed. Is it perhaps suspiciously goad? Might the data have been
fixed?

In this case, the test statistic 15 X* = 0,066, This 1s greater than the 95%
critical value, and so you can conclude thar a fiv as good as this will occur
with more than 1 sample in 20, That may well help allay your suspicions.
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I[ vour test sladstic does e within the leli-hand critical region, you should
check che dara to cnsure that the fymres are cenwine and that all the
proceduares have heen carvied out properly 'There are three simations vou
should particularly warch aur tor:

»  The model was constructed to fit a set of data. It s cthen benge tested by
seetny how well 10 D the sane data, Once the model 1 determined, new
data should be wsed o test it

» Some of the data have been omicted in order to produce a berrer fir,

» The data are nac genuine. £
Although looking at the lett-hand rail of the ¥ 2 discribution may make vou ;_:
suspicious ol the quality of the data, it does not provide o lormal hvpothesis 5
lest that the data are not genuine, Thos the term critical region is nol really =
appropriate to this tal; warning region would be better. (A

=]
The %7 eest 15 o distribution-free test: this means that chere are no g
madelling assumptrions associated with the rest itself. 'This has the advantage il
that the tesr can be widely used, bur, on the ather hand, it is not g very ot
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sensilive Lesl, The non-parametric tests Wit you will meet m Chapler 4
are turther examples of dstmbution-free tests; one can carry out these tests
without knowing anvthinge about the underlyinge distnbutions.

It vou obtain a p-walue for a goadness of fir test, vou need to take a linle
cave interpreting it, The lower the p-value, the less likelv it is that the
sample could have been drawn from a distribution for which the null
hypothess 15 true; conversely, the hirher the p-value, the more kel it s
that that the sample could have been drawn from such a distribuacion.
Quite often you will want ro show that 3 cerrain distribution is appropriare
atid so vou will associate a high p-value with a successiul outcome, By
conlrast, in many other hvpochesis tests, vou ave hoping to show that the
null hypothess 15 false, and so somethiye specal has happened; in such

cases, a low povalue can be regarded as a successful outcome. /

Exercise 3B 1  Find the expected frequencies of (0, 1, 2, 3, = 4 successes if 80 observations

l_" are taken of a binomial random variable with # = 20 and p = 0.09,
2 You are given that X ~ Poisson (1.6). Find the expected frequencies of
x=0,1,2,3 4, = 51t 60} observanions of X are taken.

m 3 A rypist makes mistakes from time to time in a 200-page book. The
numbers of pages with mistakes are as follows.

Mistakes i I 2 3 4 3
Pages 15 62 4 M 5 1

[il  Test at the 3% significance level whether the Poisson distribution is
an appropriate model for these data.

[i1] What factors would make it other than a Poisson distribution?

Awsers fo pxercizes are aratlable at wune hadderedusation_com S cambridpeesxtras
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A hiologist cmosses two pure varicties of plant, one wich pink fowers,
the ather whire, The pink is deminanc so chat the Howers of the second
ceneration should be in the rmtio pink @ white = 3 1.

He plants the seeds in batches of 3 in 32 teavs and counts the numbers of
plants with pink and wath white Qowers w0 each tay.

0 | 2 3 | 4 5
9 12 7 2 1 1

1 W hae distribution would VL CNpect for the number -:\v’r'p]antﬁ with
white Howers?

lil  Use these figures to test at the 2.5% significance level whether the
distribution s chat which vou expected.

An examination board 15 testing a multiple-chotce quesnon. They get
100 students to try the gquestion and cheir answers are as follows.

A B C | D E |
32 18 10 28 12

Are there grounds, ar the 10% significance level. for the view that the
question was so hard that the students guessed the answers al random?

A student on g georraphy Deld tnp bas collected duta on the siee of
rocks found on a scree slope, The studene counts the number of Tarire
rocks (thar 1s, heavier than a stared weighe) found ina 2 m square at the
rop, middle and hortom of the slape.

3 10 1&

Ul Tesr ar the 5% significance level whether these data are consistent
with the hypothesss that the siee of rocks 13 distmbuted evenly on

the seree slope.
il What does vour test tell the student about the theory char large
rocles will migrare ta the botram of the slape?

A university student working in a small coastal horel in cthe summer
holidavs looks at the records for the previous holiday season of 30 weeks,

She records the number of davs 1 cach week on which the hotel had o
mrn away visitors becanse it was full. The dara she collects are as follows.

i 1 2 3 4 b Total

113 4 1 1 0o | 30 |
o Caleulare che mean and wariance of the data.

Uil The smadent chinks thar chese data can be madelled by the hinamial
distribuiion, Carry oul a lest at the 5% signilicance level 1o see il the
binommial disteibulion is a suilable model,

Uil What other distribution might be used Lo wodel these data? Give
YOUT TCASOTS,



L1 15 writmyz a book. Every so often she uses che spell-check faality
her word-processing seftware, and, for interest, records the namber of
mistakes she has made on each page, In the first 20 pages, the results
were a5 [ollows,

i 1 2 3 4+ Total
9 f 4 1 il 20

[Il  Explan why it is not possible to use the 37 west on these data
o decide whether the occurrence ol spelling mstakes may be
maodelled by che Polsson distmbunon.

I the nexe 30 pagmes Li% ﬁgur-;:ﬂ are as tolloses.

1 2 3 4+ Total
14 7 7 i 2 30
lil - Wse the combined fignres, covering the first 300 pages, to test

whether the occurrence of L% spelling mistakes may be maodelled
by the Powson distoibution, Use the 5% symnheance level.

[iii]  If the distribution really 1s Potsson, what does thas tell you about the
mmcidence of spelling mastakes? Do you chink thas 1 reahste?

In a survey ot five towns, the popalation of the toam and the namber of
petrol-filling stations were recorded as tollows,

An assistant rescarcher, who wanted o find our whether the peool
srations were evenly distribured berween the towns, performed a % 2 rest
on the number of lilling stations, with o null hyvpothesis that chere was
no difference in the nunber of filling stations in cach town. She found
that her X7 value was 3669 Without repeatingr her ealeulation, state
with reasons whar her conclusion was,
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10

11

12

13

Fitty-five people are asked to cstimare a onc-metre lengeh, by marking
off their estimate on a blank straight edge. 'The actaal length marked off
is then recorded.

The results are given below, in centimetres,

112 109 89 110 116 99 109 120 132
80 95 1 107 142 110 111 76 89
10 103 132 117 121 112 110 126 105
98 108 80 87 97 116 126 104 110
128 103 53 118 72 e 87 117 126
114 115 118 120 98 117 81 91 107
115

Use these data to carry outa X test for goodness of fit to the
distribution N{10{0, %), where ¢ is to be estimated from the data.

The number of coals scored by o certan football tearm was recorded
tor cach of 100 matches, and the results are sammarised in che

follemwring: tahle.

i 1 2 A 4 = & Or more
12 16 31 25 13 3 i

Fir a Poisson discribucion o the dara, and test irs goodness of fic ar the
3% significance level,

Cambridge Iernational A8 & A Lewd Fuether Matlemarics
D231 Paper 21 Q8 Novewber 2015

rinking glasses are sold in packs of 4. The manufacrurer conduacts a
survey o assess the quality of the glisses, The results fram a sample of 50

tandomly chosen packs are summarised in the following rable,
o | 1 | 2 30| 4|
t [ 3 [ 10 ] 17 | 19 |

Fit a binomial distribution to che data and carry out o soodness of I test
at the 10% signiheance level.
Clambyridge Tnrernational AS & A Terel Fuprher Mathemarics
9231 Paper 23 OF November 2002

The numbers of a particular type of laptop compurer sold by a store on
cach of 100 conscoutive Saturdays are summartsed mthe followangs cable.

0 1 2 3 4| 5 6 7 | =8
7203916 | 14| 2 1 1 )

Fit a Poisson distribution to the dat and carry out o goodness of Lit test
at the 2.5% vgmbicance level.

Cambridge Intevnational A8 E A Levd Further Mathemalics
9231 Papor 22 08 Nowvember 2004




14 Applicants for a nanonal reacher traming course are required to pass
a mathematics test. Kach year, the applicants are tested in groups of 6

and the number of successful applicants in each group is recorded. The
overall proportion ol successful applicants has remained constang over
the vears and 15 cqual co 60% of the applicants. The vesules from 1540

randomly chosen groups are shown i the folloaing able.

01| 2 3 4| 5]6|
1 | 3 |25|51 |38 |30] 2|

Test, at the 3% sipmificance level, the goodness of fic of the distnibution

B6, 1.6 for the number of successful appheants moa group.
Clambridge oternational A5 & A Level Furiher Mathemoafis
8231 Paper 21 QF Jrne 20046
15  The number of visitors arriving at an art extnbinon s recorded for cach
T-minute period of ome during the ten hours chat it s open on a
particular dav 'The results are as folloss.

5]S8] ]Iy JO S53UPE0Y 7L

2 |2 (1268 (111347 |10

il Caleulate the mean and sariance for this ::31111‘.||-:: aned L*.‘.'-:J._ﬂain
whether vour answers support a suggestion cthat o Poisson

distrbution muzht be a sutable model tor the number of visitors
a Tt-mnute period.

lil  Use an appropriate Poisson distribation to find che two expected
trequencies mising from cthe following table,

0 1 2 3 4 3 6 7 B =0

110 8,79 11,72 938 | 6.25 | 3.57 | 1.79 | 1.28

lill Tese,ar the 10% significance level, the goodness of fit of this Poisson
distribution ta che dara.

Cambridge Infernational A5 & A Level Frziler Mathematics
D23 Paper 21 Q¥ November 2016
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16 Lach of 200 idenncally biased dice 1w thrown repearedly unal an even
mumber 15 ohoained. The number of throwes, x, necded 15 recordied and
the results are summarised in the tollowing rable,

| 2 3 4 5 i) =7
126 | 43 | 22 35 1 | o

Stare a type of distribution that cauld be used to fic the data given in the
table abowve.

Fic a distribucion of thas type in which the probability of throwing an
even number for cach die 15 106 and carry out a goodness of fic test ar
the 3% significance level,
Far each af these dice. it is known that the probability of abraining a
& when it 1 thrown s 0023, Ten of these dice are each thrown 5 ames.
Find the probability that at least one 6 1 obtined on exactly 4 of the 10
dice.
Cambridee Tnternational A5 & A Terel Furfer Mathematics
P33T Paper 21 Q11 Juwe 2605

17 A samnple ol 216 observations ol the continuous randomy variable X was
obtamed and the resalts are sunmarised i che tollowing table.

D=x<] |1 =<2 |2=x<) i=xcd|d=x<5|5=x<b

1 3 15 31 b 107

It 15 suggested that these results are consistent with a distribution having
probability density function f given by
oy 2 = x <6,

fix) = .
0 otherwise,

where k is a positive constant. The relevant expected frequencies are
given in the following table.

I=x<]|1=x<2|(2=x<) I1=x<4 4=x<5|5=x<6

1 7 d [ Iy 91

0 Sheww chat @ = 19 and find the values of & and -

L] Carry out a goodness of fir test at the 0% significance level

Cambridge Imernational A8 & A Lewd Fuether Matlhematics
D231 Paper 21 08 Novembey 2071



186 A random sample of 200 observations of the continuous random vanable
X was taken and the valacs are summarised in the follesing rable.

l=x<2 2= 3 IJ=x<d d = x<h

6.3 45 32 25

A= h=x=<7 T=x<8

22 7 6

[t is required to test the goodness of fit of the distribution with
probability density function f given by

1
fix)=¢xIn8

0 otherwise.

1=x <8,

The relevant expected frequencies, correct to 2 decimal places, are given
in the following table.

l=x<2 | 2=x<3 | F=x<d | 4=x<5

66.67 p 27.67 q

A=x<h  OH=x<7 T=x<8

17.54 14.83 12.84

Show that p = 39,00, correct to 2 decimal places, and find the value of g,

Carry ourt a goodness of fit test at the 5% significance level.

Cambyidae tternotiornd A5 & A Level Further Mathewmorics
Q23T Paper 27 Q9 June 20714

KEY POINTS C/

1 The chi-squared test for a contingency rable is used to test whether
the variables in an m X n contingency table are independent. The steps
are as follows.

(il The null hypothesis is that the variables are independent, the
alternative is that they are not.

Uil Caleulate the marginal (row and column) totals for the table.
liil] Caleulate the expected frequency in each cell.

_ £12

liv] The X® statistic is 2 o= S where [ is the observed
frequency and f is the expected frequency in each cell.

v]  The degrees of freedom, v, for the test is (m — 1)(n — 1) for an

m ¥ n table.
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Wil Reead the critical value from the % rables for the appropriate
degrees of freedom and significance level. If X is less than che
significance level, the null hypothesis is accepted; otherwise it
15 rejected.

lvii] If two wariables are not mdependent, you say that there is an
association between them.

2 A goodness of fit test is used to test whether a distribution models a
sitviation. The steps are as follows.

lil  Select your model, binomial, Poisson, etc.

lill  Set up null and alternative hypotheses and choose the significance
level,

il Collecr data. Record the observed frequency for each outcome,

vl Calculate the expected frequencies arising from the model.

vl Check that the expected frequencies are all at least 5. If not,
combine classes.
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Wil Calculate the test statistic,

T i
The X? statistic is 2 —U“ fjj :

lviil Find the degrees of freedom, v, for the test using the formula
r = number of classes — number of estimated parameters — 1
where the number of classes is counted after any necessary
combimng has been done.

[viil] Reead the critical value from the %? tables for the appropriate
degrees of freedom and significance level. If X7 15 less than the

significance level, the null hypothesis i1s accepted; otherwise it is
rejected.

lix] Draw conclusions from the test — state what the test tells you
about the model.

(» LEARNING OUTCOMES O

Now you have fimshed thas chapter, vou should be able to

m use a y°-test, with the appropriate degrees of freedom, tor
independence in a contingency table

m ft a cheorencal distmbunon, as prescrnibed by a gven hvpothess, to
civen data

W CarTY Outa gnndn-::qﬁ of fic tesr tor a discrete disoribucon sach as a
binormal distribution or a Powsson distmbuoon

carry out a goodness of fir test for a normal distribution

B ocarry oul g goodness ol [ test for a continuous random variable given
its probability density tunction,
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Whenever a
large sample
of chaotic
elements

are taken

in hand and
marshalled

in the order
of their
magnitude, an
unsuspected
and most
beautiful form
of regularity
proves to have
heen latent all
along.

Sir Francis
Galton
[1822-1911}

Non-parametric tests

Gandhi’s popularity was measured by rhe size of the crowds he drewe These
davs it is mare comman for apinian pallsters to ask peaple questions like the

one on the next page.

4.1 Single-sample non-parametric
tests

In order to use cthe t-distribution, the parenc population mnst be narmally
disteibuted. IF vou also know the population variance, then the normal
distribution wself can be used mstead of the -dismbuaon. IF vou do not
know the distribution of the parente population, then vou cannot use
cither of the distmbunions {unless, of course, the sample size 18 large, 1in
which case vou can make use of the central limit theorem and so use the
normal discribution.
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Note

Tests such as the
Wilcoxon test are
known as nan-
parametric’ since
they do not rely an
the parameters
of a probability
distribution.

‘The President is doing the best possible job, in the circumstances.’
Please choose one of the following responses.

agree agree | inclined | have no |inclined to | disagree | disagree
strongly to agree | opinion | disagree strongly

You will probably recomuse thas as the sort ol question thal s asked

by opion pollscers. However, surveys of peoples arbtudes are not just
undertaken on political issues: market researchers for businesses, local
authorities, psvechaologists and pressure groups, for instance, are all interested in
what we think abour a very wide variery of issues,

You are gwoimy o Lest the hypothess;
The Presidents perlormance 15 penerally disapproved of.

The question above was asked of a group of twelve 17 -year-olds and each
reply recorded as a mumber from 1 to 7, where T indicares "agree soongly’,
and 7 indicares “disagree strongly’, This method of recording responses gives
a rating scale of atitudes to the Presidents performance, The data obtained
ate shown below,

A 3 Fi 4 3 4 7 3 A ) 3

o

What do these data mdicate about the validhty of the hyvpothess i che
) Vi
pnpulatinn trom which the un'lp]{r was drawn?

You should recognise chis question as similar to those vou asked when
conducting —tests, You want to know whether atticudes in the population as a
whole are centred around the neutral response of 4 or show lower approval
i general. That 15, vou want a test of locanon of the sample: one which
deades whae values are taken, on average, m the population,

You could nor use a i-rest here ro decide wherher the mean of the underlying
distribution equals 4 because the response variable is clearly nor normally
distributed: it only takes discrete values bom 1 to 7 {and the sample size is small).
This chapter looks at some tests of location that are valid even for small
samnples without the sorct distributonal assumptions requured by the —tese,
and which are therefore more widely applicable.

The sign test

O very stmple way ol handling the sort ol data vou have here 15 0o ke
L [ollowing hvpolheses,

H,: People are equally likely to agree or disagree with the statement,

H : People are more likely to disagree than agree.

An opinion has been expressed by ten people {the two whose response is
coded as ‘4" expressed no opinion); in carrving our the test. it is assumed chat

Lhey constitute a randomm sample o the populaton. ICthe null hvpohests
is true, then each ol these people will, independendy, agree or disagree with the



: e . :
statement with probability 5. The number agreeing, X, will therefore have a

, : e g by o 1
binomial distribution B{10, 5).

To test the (one-tailed) hypothesis at the 5% level you are looking tor the
greatest value of x for which P(X = x) = (.05,

Using a calculator for B{10, %}1

- To find P[X = 1] you add
P(X=10)=0.0010 P[X=0] and P[X = 1). You get
' decimal places and then
P(X = 2) = 0,0439 rounding gives 0.0107, which is
‘/ correct to 4 d.p.
0 P(X = 1)=0.0107
and P(X = 2) = 0.0547.

This shows that this eritical value 1s x = 1 and so the critcal region for the
test 1s [0, 1].

In this example, cthree of those responding agree with the statcement, so vou
accept the nall hypothesia chat people are equally likely to agree or disagree
with the statement. Thus there is insuficient evidence to suggest that the
Preadents performance 15 generally disapproved ot

This 15 ary example of the sign test. [ has the advantage of grear snopliciey,
15 wseful i many crcamstances and can be decisve. Beeaase the caleulanion
required s o quick o carry one, the sigmocest 15 often usetul i oan inminal
exploration of a set of dara, and may indeed be all that is necessary

Hovwever, there is inlormation in the sample that s iznoced in the sign

lest: nobody in the sample stronply agreed with the statement while, ol the
sevent who disagreed, owo did so strongly Lacer o thas chapter, you wall

maet the single-sample Wilcoxon signed-rank test; while slightly more
complicared than the sign rest, it takes such exrra information into account,

Example 4.1

An ornithalogist records the numbers of house marting (o bird species) per
dav ving aver o headland, Her observations cover a sample of 13 davs during
the mgration season of this vear.

281 214 268 200 271 207 402 480 400 423 350 366 355 280 368

ILecords shosw that for several years the median number per day has been
2705, Llse a sign rest to examing, ar the 5% significance level, wherher
there has been an increase in the numbers of house marting fving aver the
headland during the migratdon season of this year,

Solution
H, : The median number of house martins s equal to 27015,

H,: The median number of house martins is greater than 270.5. e

Awsers fo pxercizes are aratlable at wune hadderedusation_com fcambridpeesxras
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[f the null hypothesis is true, then the probability that the number of
1

house martins flying over the headland each day is greater than 270.5 is =;

=

similarly, the probability that it is less than 270.5 is also %.The number

greater than 270.5, X, will therefore have a binomial distribution B(15, l].

7
P(X = 15) = 0.0000

P(X = 14) = 0.0005
P(X = 13) = 0.0032
P(X = 12) = 0.0139
P(X=11) = 0.0417
So P(X = 12) = 0.0000 + 0.0005 + 0.0032 + 0.0139

=0.0176 = 0.054 This is a one-

tailed test
but P(X = 11) = 0.0592 > 0.05 e

" P upper tail, sa
So the critical region is [12, 13, 14, 15]. wou need ta find

the upper tail

Om 12 of the 15 days, there were more than 270.5 i
4 critical value,

house marans,

12 lies in the critical region, so there 15 sufficient evidence to suggest that
there has been an increase in the numbers of house martins flying over the
headland this vear.

Example 4.2

It is known from previous wials thac with a fully charged batterve a wacuum
cleaner will be able to clean for o median tme of 2735 nanuees before the
battery runs out. The munufacturer 15 testinge a new type of battery to see
whaether the cleamng ome s different. The cleanmg tmes tor a random
sample ot 9 accasions with the new battery {rounded o 1 decimal place} are
as tollows,

254 283 267 292 306 287 272 276 296

Carry oul a sign Lest o examine, at the 3% signilicance level, whether there
has been a changre o the average ceamng ame.

Solution
H_:The median cleaning time is equal to 27.35 minutes.
H : The median cleaning time is different from 27.35 minutes.

If the null hypothesis is true, then the probability that the cleaning time is
D s & L
greater than 27.35 minutes is 3 similarly, the probability that it is less than
A : | : : &
27.35 minutes is also 5. The number of cleaning times less than 27.35, X,

will therefore have a binomial distribution B(9, %}




To find P(X = 1)
you add P[X=10]
and P[X=1].
You get 0.0194,
but working to
mare decimal

P{X = 0) = 0.0020 This is & two-Lailed test, so you neead

P(X = 1) = 0.0176 t{:_vff-m'l-: aul both the lower and upper
critical values. However, ance you have

P(X = 2) = 0.0703 worked out the lower value, you can

simply subtract this [2] from » =% to get
P(X = 3)=0.1641 the upper value.

places and then
rounding gives
0.0195, which is
correct to 4 d.p.;
similarly for
Plx = 2.

¥ So P(X = 1) = (L0020 + 0.0176= 0.0195 = 0.025
but P(X = 2) = 0.0898 > (.025

So the entical region 1s [0, 1, 8, 9]. 4

On 3 of the 9 trals, the ome was less than 27.35.

3 does not lie in the critical region so there is insufhicient evidence to suggest
that the median cleaning time is different from 27.35.

Example 4.3

The median ome ic akes to cure a particalar illness using the standard drog
treatment is 23,5 dave. A new drug is heing tested o see iF it reduces the
Lreatinent (e, A randow sample of 30 paiens willy the llness 1 selecled
and the patients are given the new drog, OF these 30 people, 33 are cured 1n
less chan 23,5 davs.

Carry our a sign rest to examineg, at the 108 significance level, whether chere

is a reduction in the median time required to cure the illness when using the
new drug,

Solution
Hu:Th“ median time to cure the illness 15 equal to 23,5 days.
H1:Th1: median time to cure the illness 1s less than 23.5 days.

If the null hypothesis is true, then the probability that the time to cure the
illness is greater than 23.5 days is 5 similarly, the probability that the time is

less than 23.5 days 1s also %,'I'hr—: number of ttmes that are less than 23.3, X,

- , : ot 1
will therefore have a binomial distcribution B(54), E:I
Because the sample size is large, vou can use a normal approximation to carry

out the test.

= | - : = 1 1 _

The mean = np =50 X 5 =25 anE_EETEﬁwe =upg=30x 5 X3 =123

32.5 — 25 Because we are approximating
) the binomial distribution

P(X = 33) =1—¢-(

/12.5 [which iz discrote| with the
=1=-D0(2.121) narmal, we nead to use a
— 1 =1(1.9830 cantinuity correction, so we

use 3725 rather than 33.

= 0.0170

0.0170 < 10% so reject H . There is sufficient evidence to suggest that the
median time to cure the illness 15 less than 23.5.

Awsers fo pxercizes are avatlable at wune hadderedusation_com S cambridpeesctras
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The Wilcoxon signed-rank test on a sample median

You may recall that 1 the opemnye example o thes chaprer, 16 was mentoned
that there was informanon in the sample that w 1gnorved i the sien tesc

nabody in the sample strongly agreed wich che statement abour the President
while, of the seven who disagreed, tewo did so stronghe There s a different

test that does take this tvpe ol information into account, This test is the
Wilcoxon signed-rank test on a sample median, The only assumption chat
this test requires 1s thae the data is disteibuded sypoanetrically.

You will see how to carry out this test on the dara in Bxample 4.1 Here 15 a
reminder of this example,

An arnithelogist records the numbers of honse marrins (bird species)
per dav fying over a headland, Her observations cover a sample of 15
davs durimgr the tmgratton scason of this vear.

281 214 268 200 271 207 402 480 400 423
330 366 AR5 AR 36E

[Records show that for several years the median number per day has
heen 270.5.
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You will now wse a Wilcoxon siened-rank test to examane, at the 3%
significance level, whether there has been an increase in the numbers of
homse marting Aving over the headland during the migrarion season of this

VELL

The hypotheses that vou use Lo this test are exactly the sane as [or the sign
test, nanely:

This is 5 ome-tsiled H”: I'he median number of house martins 15 [:quﬂ] to 27015,

bz '“'“{':'_hl'””g the —H :The median number of house martins is greater than 270.5,
upper tail.

The Wilcoxon test takes into account not anly whether the dam values are
less than ar greater than the hypothesised median, but also how far above or
below it they are. However, it does not use the actual daca walues themselves,
but mstead the ranks of thewr distances rom the hypothessed median of che
population, i this case 27005

For these dara, this mives the following resules.

ranked according

to their absolute  —— 251 _ 10.5 10.5 4

differences from 214 —56.5 56.5 ‘

the median.

- 268 —-25 2.5 2
290 19.5 19.5 5
271 (.5 0.5 |
207 —63.5 63.5 7
402 131.5 131.5 13
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You will probably
have met the
formula, which
states that the
sum of the first n
natural numbers

P |
is EFII?:I!+'||.

80 2095 209.5 15
40 129.5 129.5 12
423 152.5 152.5 14
350 - 79.5 ! Fi R - H
366 | 93.5 | 95.5 | I
355 | 84.5 | 84,5 e
230 | 0.5 | 9.5 3
368 97.5 975 11

Suppose thar the assumption of svmmerry is correct, and the mull hypachesis
that the median is 27005 is true, Then vou would expect a rating of, for

exatnple, 271 to come up as ofien as a rating of 270, a rating of 272 wo come
up as often as 2 rating of 269 a ratioge of 273 to come up as often as o raong
ot 268, and so on. In other words, ratings at cach distance from the supposed
median of 27005 should be equally likely ta be above or below that median.

To test whether the dar support chis, the next step 15 to calculate the sum of
the ranks of the ratings above 27005 and below 27005 and compare these with
the toval sum ol the raoks,

Sum of ranks of ratings above 270.5=4+5+ 1+ 13+ 15+ 12+ 14
+84+104+94+3411 =105

Sum of ranks of ratings below 2705 =64+ 247 =15
Total sums of ranks = 105 + 15 = 120

Nuote that becavse of the way in which the ratings were ranked. the total sum
of ranks must be equal to the sum of the numbers from 1 o 15:

H+2+--.+15=%xlix{15+1}=IE[J

It the null hvpothess 1 true, you may expect the sun ot the ranks of ratingss
above 2705 to be approzamately egual o the sum of the ranks of ratingy
helow 27005, This means chat cach would be abouc half of 120 that 15, 600 'The
tact that, for these data, the sum of ranks of ratings abowve 27005 i35 much more
tan this, and the sum ol ranks of mavings below 270.5 is correspondingly less,
imnplies that either there were more davs when over 270,35 birds Hew over or
that on davs when over 27005 birds flew over, there were a lot more tlving
awver than previously, Actally, both of chese are true of the daea.

In order to conduce a lwpothesis test, vou need to knowe che crideal valnes of
the tesr statistic. Tables of the critical values for the Wilcowon test are awailable,
and a section ol one s shown in Figure 4.1 on the next page.
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Critical values of T

Level of significance
One-tailed | 0.05 0.025 0.01 | 0.005

Two-tailed 0.1 .05 0.02 0.0l
n=6 2 0 ’

7 3 2 0

] 3 3 | [

9 o) 5 3 1

10 10 8 5 3

11 13 10 7 3

12 17 13 £ ¥

13 21 |7 12 0

14 25 21 15 12

15 30 23 14 13

16 35 29 23 19

17 41 34 27 23

18 47 400 32 27

19 5.3 46 37 32

20 60 | 52 43 | a7

A Figure 4,1 Wilcoxon signed-rank test, critical vales of T

The test vou are conducting is one-tailed because vou are leving W decide
whether vour data indicate that the median has mereased; that 1, whether
the sum of ranks of values greater than 27005 i significantly larger than che
sum ot ranks of values less than 27005 The mble is constructed o give the
largest value of the rank sum that can be regarded as significantly smaller than
chance would sugeest, so 11 5 the sum ol ranks corresponding wo the snaller

rank-sum (those ratings below 2570.5) that provide the test stabistic; 1t 15 often
denated by f

You have a sample size of 15, and for a one-miled test at the 3% significance
lewel the table gives a critical walue of 30, so this is che number o be
compared swith the tesc staristic, This means chat any value less than or equal
o 3 for the sumn of the ranks of the raangs below 27005 lies w0 the critieal
reion. In this example, the data give a test statstie T'= 15, s0 vou can reject
the mull hypachesis in favour of the alternative hypothesis.

There 15 sufficient evidence to suggest thar the median number of house
matting is greater than 270.5,



If the assumption
al symmelry of
the distribulion
akout its median
15 true, then this
median is alsao
the mean.

Note

Often the test is
simply referrad to
as Lhe Wilcoxon
fest.

Formal procedure for the Wilcoxon signed-rank test

The work 1w the previous cxmnple way be stated more formally.

» The hﬂ':nﬂthn::ﬁt!-; to be tested are as follows.

H,: The population median of a random variable 1s equal to a given value M.

H.,: Either (a] the population median # M 4 two-tailed test

or [b) the population median > M ¢

ane-tailed test

ot [c) the population median < M. 4—
» The null hypothesis s based on the assumption that the random variable
1s symmetrically distributed about its median.
» The data are the values x, x,, ..., x_of the random variable from a sample
of size #.
» To calculate the test statistic vou take the following steps.

1 Calculate the absolute differences between each sample value and the
hypothesised median, M, i.e.
x, —~Mx,-M,..,.x - M
2 Rank these values from 1 to n, giving the lowest rank to the smallest
absolute difference.

5153) Juaweled-vou sydwes-ajbuig |y

3 Calculate the sum W of the ranks of the sample values that are greater
than M, and the sum 7 of the ranks of the sample values that are less

than M.

4 Check that W_+ W = %u{u + 1); this must work because the right-
hand side 1s the formula for the sum of the numbers from 1 to n, that
is, the total of all the ranks.

5 The test statistic T is then found as follows,

[a] For the two-tailed alternative hypothesis, take the tese statstic T
to be the smaller of M and W..

[b] For the one-tailed alternative hypothesis, take T'= W

[c] For the one-tailed alternative hypothesis, take T'= ..

6 Reject the null hypothesis it T is less than or equal to the appropriate
critical value found in the tables, which depends on the sample size,
the chosen significance level and whether the tese s one-talled or
two-tailed,

»  This test 1s sometimes called the Wilcoxon single-sample test and at
ather rimes the Wilcoxon signed-rank rest, Explain these rero names,

Rationale for the Wilcoxon test

As you have seen, the sum of W and 17 1s determined by the sample size,
so that the criterion for rejecting the null hypothesis 1s that the difference
between W and W is large enough. What makes this difference large?
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Take the case where W, is much larger than W . (The rationale s just the
same 1f 1615 7 that 1s much larger.) This requires W, to contain more ranks,
or larger ranks than W_.This will occur if mest of the sample or the more
extreme values (those furthest from the hypothesised median) in the sample
are above the median rather than below. The largest difference between W
and W will therefore occur if the sample contains only a few values just

below the hypothesised median and many values well above the hypothesised
median, This 1s exactly the situation that would cast most doubt on the claim
that the suggested median is the true one.

=
E It 1» known from previous trials that swath o tully chareed bateery, o vacuum
o cleaner wall he able to clean for a median ame of 27,35 nanuces betore the
E hattery runs out. The manafacturer is testing a new type of bartery to see
g whether the cleaning time is different. The cleaning times for a random
< sample of 9 occasions with the new battery {rounded o 1 decimal place) are
E ‘fau may ay follows,
[ remember that
E this is the same »25.4 283 267 292 306 287 272 27.6 29.6
~1 ;jnaE;.;gﬁ-]};s EZE’[HD Clarry out a Wilcoxon test to exarmine, at the 5% sigmficance level, whether

carry out a sign there has been a change moche averaee cleaming ome.

e

Solution

H, :The median cleaning time is equal to 27.35 minutes.

H :The median cleaning time is different from 27.35 minutes.
Significance level: 3%

Two-tailed test.

The table shows the data, together with differences from the median and the

ranks.

| Time  Time-2735  |Time-27.35| Rank
254 —1.95 1.95 7
28.3 .95 | (.95 | 4
26.7 —0.65 (.65 3
20.2 1.85 _ 1.85 ]
36 3.25 3.25 9
28.7 1.35 | 1.35 | 4]
27.2 =0.15 | .15 | 1
27.6 (.25 | (0.25 | 2
29.6 2.25 2.25 H

The sum of the ranks for the ratings below the median of 27.35 is

W =7+3+1=11
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and the sum of the ranks for the ratings above the median of 27.35 is

W =4+6+9+5+2+8=34

Check: W+ W _=11+34=45= % ¥ 9 10

This 15 a two-tailed test, so the test statistic, T, 15 taken to be the smaller of

W and W, which in this case s W= 11.

From the tables, the critical value for a two-tailed test on a sample of size
9, using the 5% significance level, is 5. But 11 > 5, so you accept the null
hypothesis.

There is no significant evidence that the there has been a change in the
average cleaning time.

Normal approximation

The tables only give critical values where the sample size, #, is at most 20,

For larger sample sizes, you use the fact that, under the null hypothesis, the
nln+1)
e

. Since T'is discrete, vou need to use a continuicy

test statistic T 1s approximately normally distributed with mean and
1)(dn+1)
24

correction in calculating probabilities.

. 1+
YVariance ! {’

Example 4.5

The median weight of vam moots of a particular variety using the standard
tertiliser s 5.6 kg The weights in kg of a random sample of 30 roocs ot this
wariety grown using a new rvpe of tertiliser are given below. Carry out a
Wilcoxon test at the 10 signilicance level w investigale whether roots
srrovwnn with thas fernliser are on average heavier than those prown wath the
wsal one.

532 447 T30 709 685 468 641 B21 357 546

596 372 618 599 654 478 611 522 721 4.467

381 7.07 544 669 571 T8 320 633 527 573

Solution
The hypotheses for the test are:
H,: The median weight with the new fertiliser is equal to 5.6.
H,: The median weight with the new fertiliser is more than 5.6.
Weight — 5.6
=028 =113 170 149 125 =092 081 261 =203 -0.14
036 012 058 039 094 082 051 —-038 161 —0.95

0.21 147 016 1.09 011 1.58 =040 073 033 013
'y
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Ranking
7 22 28 25 23 15 16 30 29 4

9 2 14 11 20 17 13 10 27 19
6 24 > 21 1 26 12 15 ! 3

The sum of the rankings for weights below the median of 5.6 1s
W =7+22+18+29+44+17+10+ 1945+ 12+ 8 =151

and the sum of the rankings for weights above the median of 5.6 s

: W, o=28+25+23+16+30+9+2+14+11+20+13+27+6
+24+214+1+26+15+3 =314
Check: IW, + W= 151 + 314 = 465 = 5 30X 31

The test statistic T = 151. Because the value of n is greater than 20,
you cannot use the Wilcoxon tables. Instead you can use the normal
approximarion, which states that for large values of # the vest statistic T

nin+1)
4
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is approximately normally distributed with mean and variance

rin+1)(2n+1)

24 !
So, in this case, the distribution of the test statistic is approximately
N(232.5, 2363.75).

LR E R E RN E N EERNENRRE:

You need to find P(T"= 151) (using a continuity correction) so your

transformed test statistic T" 151.5 — 2532.5 _

Fansiors S50 & SLiC = —
2363.75

The critical value at the 10% significance level (one-tailed) = —1.2482,

LN R RN

1.667.

|—-1.667| > |-1.282] so there is sufficient evidence to reject H,.

LIC N R R N NN

There is sufficient evidence to suggest that the median weight with the new
fertiliser is more than 5.6kg.

Example 4.6 Dietermmne the 1% one-taled (2% two-taled) critcal value {for a sample of

s1ze 84

LR E R R ENEREENENNEH:NHS.]

Solution

You want to find the integer f so that

LI RN N R RN N

P(T =) = 0.01

g where T has mean 84 :: 83 _ 1785 and vanance 84 X g:_}{ 169 _ 50277 5.
: Mote that T 1s a discrete variable, so that you must make a continuity

COITection

P(T = ) = P{normal approximation to T < ¢ + (1.5).

LK N LR N




Thus you require

(D(i’+ﬂ.5— l?‘H:‘m) < 0.01

V50277.5
so t = 1784.5 + ~/50277.5 @'(0.01)
= 1784.5 — /502775 ©'(0.99)
= 1784.5 — J50277.5 x 2.326
= 1262.95

This means that values of T less than or equal to 1262 are in the critical
region; 1262 is the critical value.

Why Wilcoxon?

Both the Wilcoxon test and the etest are testing whether the distribunon
ot a random varable 10 a population has a given value of a location
parameter. A locuton paramneter s any paramneter that, when it varies,
shifts the position ot all the walues taken by the random wariable but nor the
shape ol the distribution. For mstanee, 0 the Lanmly ol normal distribotions,

5]153] J)aWeled-uou I)dwWes-palled 7'

You will meet the mean 15 a locanon parameter but the vartance 15 oo oy the Lanly of
the uniform: ——p uniform dismbutions, the md range 13 a locanen paramceter but the range
distributian in e
Chapter &. ' '

The walue of the Wilcowan rest 1s char it does not make che racher sorict
distributional assumption of the —test thar the disteibution of the random
variable 1 normal, [e s therelore very useful when thas asumpuon 15 oot
thougrht e be jusaficd, and when the sample s1ze 15 nor large enough for the
sample means, nevertheless, to be normally diserbueed.

In fact, alchongh the Wilcoron rest places a less severe resrriction than che
i-test on the family of discributions thar the underlyving wariable might
possess, it is nonetheless of comparable power when compared to the f-test
under a wide range of conditions, This means thae it 15 a2 senable chowee tor
testing location, even when a -test might also he justifiable.

4.2 Paired-sample non-parametric
tests

You may recall vsing the -disteibution for paived samples in Chapter 2,

Bath of the single-sample tests above (the sign test and the Wilcoxon signed-
rank testd can also be also vsed when vou have o pared saople. The peneral
proceduare 15 ro find the differences beoween the fiest and second valoe for
each pair, You then carry our a single-sample tesr on these differences.
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Example 4.7 A lew vears ago, somne people believed that maths and English TTigh Sclool
£| exams woere of different levels of ditheuley and 16 was claimed thae candidates
WETe gerting, on average, at least one and a gquarter grades higher in English

than in maths. A group of cight stndencs whao took cheir High School exams
at that rime gained the tolloswing resules in machs and English,

I 2 3 4 =] 6 7 H
A 12 E C C E 13
B C B A | E A E E

i) Make a table !-;hnwing lrevar TTEATTY gr:ults Letter cach student was in
Fnglish than in maths,

lil  Stare null and alternacive bvpatheses for a test to investigate whether
there is a difference of as much as one and o quarter grades between

maths and Logelish resules.

[iii]  Use the data to carry out a paired-sample s test at the 5% stgmficanee
level.

livl  UWse cthe daca o oo rry onr a Wilcoswon matched-pairs signed-ranke rest at
the 3% significance level,

w
b=
Ly
==
=
o
o
[
Ll
- 2
!
S
&
=
=
=
wF

134

To carry out

either the sign Solution
test ar the

Wilcoxon test, [i] \

yau simply use .
the differsnce 1 d 3 4 3 6 7| 8
in grades as a -1 1 5 2 -2 4 —3 0

single variable.

i)  H,:The median number of grades better in English is 1.25,

H :The median number of grades better in English is less than 1.25.
[ii]  You can carry out the sign test as follows.

If the null hypothesis 15 true, then the probabilicy that the *grades better’
%;similarl};, the probability thac it is less than
1.25 is also %.Th: number less than 1.25, X, will therefore have a
binomial distribution ({8, %}

is greater than 1.25 is

P(X = 8) = 0.0039
P(X =7) =0.0313
P(X = 6) = 0.1094

So P(X = 7)=0.0039 + 0.0313 = 0.0352 = 0.05

7)
but P(X = 6) = 0.0039 + 0.0313 + 0.1094 = E}.IﬁS > 0.05

As in Example 4.2, adding the individual probabilities gives
PIX = 6] = 0.1446, but working to more decimal places
and then rounding gives 0.1445, which is correct to 4 d.p.

LR E R EEREENESRE SRR EEE RN EREEREEERER RS R EERERR RN R R R ERREENEERERERER R R R R LR ERE R RN R R ERERE SRR RS R R R RN ERRE R R EREERERERRERENRSEH:RH:.]




For H, to be
rejected, at
least 7 out of
the 8 students
would have had
a difference of
grades of less
than 1.25.

So the critical region is |7, 8].

To carry out

the Wilcoxon
tost, you use
exactly the same
procedure as for
a single-sample
Wilcoxen lest,
but you use the
difference in
values lin this
case, the nurnber
of grades better]
as the variable,

On 5 of the 8 trials, the number of grades better was less than 1.25.
\\i 5 does not lie in the critical region.

So there is insufficient evidence to suggest that the median number of
grades better in English is less than 1.25.

liv] You can instead carry out a Wilcoxon test as follows (again using a 5%
significance level).
The number of grades better in English 1s the value, g, of the random
variable, G, which you are assuming is symmetrically distributed about

———\\Ei; hypothesised median,

| -1 —-2.25 2.25 5
2 1 0.25 .25 1
3 3 1,75 1.75 i |
s | 2 0.75 0.75 2
5 -2 -3.25 3.25 7
f 4 2.75 2.75 f '
7 3 4.25 4.25 8
H 0 -1.25 1,25 3

Sothac W =4+2+6=12
W =5+1+7+8B+3=24.

Check: W+ W =124+ 24 =36 = %K 85X 9 as required.

The test statistic is T= W =12,

From the tables, using the one-tailed 5% significance level, the critical
value for a sample size of 8 is 5. Since 12 > 5 you accept the null
hypothesis.

There is insuthcient evidence to suggest that the median number of
grades better in English is less than 1.25.

General method for a Wilcoxon matched-pairs
signed-rank test

In peneral, when the values of 2 random varable have been measured on a
sample 10 rwo different conditions, you may want o test the hvpochesis char
the medians differ by some given amount becween the two conditions.

In this situation the Wilcoxon matched-pairs signed-rank test procedure is
i follomwys,

¥ Find the diferences berween the values in che rwo conditions.

» Use the single-sample Wilcoxon signed-rank rest wich the hyvpothesis
that these diferences have the suggested median.
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The distributional assummplion is then that, in the population, the dillerences
between che values of the random variables i the cwo condionons are
symmetrically disoribured about the median difference,

Perhaps the most narural context in which this rese 13 nsed s when vou are
trving ra detect a shift in a location parameter of che distribution of a random
variable between tao conditons,

It 1 worlly noucigs that the Wilcoxon mutched-pairs symed-rank test and the
stngle-sample Wilcoxoen sipmed-rank tese are related in the same way as the
paired-sample t—test and che single-sample —rest.

wn
=
u
=
o Example 4.8 Seven randomly selected cconomists were asked on two occasions to predice
E what the growth rare of G waould be for the year ending in 1 2ecember
g 2005 in o pacticular councey, Their predictions, made in June 2014 and
é December 2014 wers as listed below,
2 | |
E B & 1 E F G
F 4 37 21 23 34 25 2.1
=

38 26 | 31 30| 27 | 27

Use a Wlcoxon test to exarmme whether chere s evidence at the 5% Tevel
that cronomists hecame more optimistic between June and December about
the future groswth rare,

Solution

The increases in the J._'!"I'Edi-:,'.tint‘lﬂ hr—:tw-s-:;mjune and 1Yecember 2014 are as
showan,

07 | 01 | 05 | 08 | —n4| 02 | 0.6

The hypotheses under test are;
H_:The median increase in predicoon 15 zero.
H :The median increase in predicoion 15 positive.

S0t 15 the absolute inereases in prediction that you need to rank.

A B C 2 E F G
0.7 0105|038 |-04| 02| 06
0.7 |01 05|08 |04 02 06

f 1 4 7 3 2 3




Hence
W =6+1+4+7+2+5=25
LR

Check: W, + W_=25+3=28= 5X7X8

The test statistic 1s therefore: T= W =3,

From the tables, the critical value at the 5% level for a sample of size 7 is 3
and 3 = 3.

S0 the test statistic lies in the critical region and therefore you reject the null
hypothesis in favour of the alternative that cconomists have become more

optimistc,
Exercise 4A . .
_ 1 At a bird observatory m Woest Afniea, the numboers of black-headed
: weavers Hying past, recarded for a sample of 12 days this vear, are as
0 m torl Lo,

134 162 108 144 165 184 147 151 131 98 126 148

Fecords shosse that, for several vears, the median number per day has
been 1200 Ulse a sipn west wo exanane, at the 5% symunlicance level,

5]153] J)aWeled-uou I)dwWes-palled 7'

whether there has been an merease m che numbers of black-headed
weavers fiving past the observatory chis vear,

m 2 A manager is monitoring the number of weeks thar parients wair o
ger an appointment atter being referred ra a dermatology clinic, She

has lound the median waiting e is 29 weeks, A new procedurs [or
reterrals 1 mtroduced and the manager wishes to find out whether the
average waiting tme has decreased.

Following the introducrion of the new pracedure, che wairing times of a
random sample of 14 patients are as follows,

33 26 28 21 26 32 30 27 25 19 22 33 30

Ui a siern lest Lo examine, al the 3% signilicance level, whether chere has

been a decrease i the averagre wating tune.

"I.' 3 A oy driver wishes to decrease her averagre lap ttme on a particular
cireuit from s present value of 184 seconds, Her mechanic makes an
adjustment o the brakes in order ro achieve chis. After chis adjustment,
the mechanic records the lap dimes [or o sample of 60 laps, OF these,
44 take less than 184 seconds. Use a syzn test to exarmmee, at the 3%
symnticance level, whether there has been a decrease e the averape
lap timc.

L A two-tailed Wilcoxon test is carried out on a sample of size 15. The
values of W and W are 84 and 36, respectively.

li]  Write down the critical value for the test at the 3% level,

lil  State whether the noll bvpothesis should be accepted or rejected.
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A Wilcoxon test 1s carried out to investigate the followng hypotheses.
H“:'I']u: ratings are symmetrically distributed about a median of 25,

H,: The ratings are symmetrically distribured about a median greater
than 25,

The values of W7 and W _are 8 and 37, respectively.

(1l Find the sanple size Gssuming that none of the values i the
samiple 15 cqual o 25].

] Write dosern the cricical value for the test at the 349 level.

[iiill  Complete the test,

&  Gerrv runs 3000 m races [or his local athletics club, His coach has been
monitorig his practice Wes [or several months and he believes that
thear wedian 15 153 muinutes. The coach sugrrests that Crerry should
oy running with a pacemaker in order to see if chis can improsee his
rimes, Subsequently, a randem sample of ten of Gerry's times with the
pacenaker is collected w see il any reduction has been achieved. A et is
carried oul using the lvpotheses below o investgate whether the times
have reduced.

H :The times are symmetrically distributed about a median of 13.3.
H : The times are symmetrically distributed about a median less than 13,3
The spreadsheer ourput below shows the calculations for 3 Wilcoxan test
Lo investigate this.

| A B LC D E F

| Time Time - 15.3 || Time — 15.3] Rank Negative Paositive

2 |4 5 —Ih44 (.44 [ 7

3 15.00 ~0.30 0.30 4 4

4 [5.62 .32 0.32 5 5

3 [4.44 —.E6 .86 o 9

G 15.27 K 0.03 1 1

7 15.64 (134 0,34 0 i

B 14,58 —.72 0,72 8 B

g 1420 —1.00 1.06) 10 ¥

[ [5.08 0.22 022 2 2

I 15.07 —{).23 023 3 3

12 Sum 44 11
[il  Write down the values of W and W .
lil  Explain why the sum of W_and W must be equal to 55.
liii]  Carry out the test at the 5% level of significance.,

7 An ancient buman settlement site in the Harg mountains has been

explared by archaeologists over a lang period, They have established
by o radiocarbon method that the ages of bones found at the sie are

approximately uniformly dismmibuted between 3250 and 3100 vears, A

new potassiarn-argon method of datng has now been developed and 11

samples of hone randomly selecred from finds at the site are daced by chis




10

new method, The ages, in vears, deternuned by the new method are as
hsted below:

3115 3234 3247 3198 3177 32327
3124 3204 3166 3194 3220

Is chere evadence ae the 5% level that che potasstame-areon method 15
P 4
praducing different dates, on average, for bones trom che site?

A lacal edvcarion authority sets a reasoning rest to all eleven-year-alds in

e area. The scores of the whole area on this test have been svinmetrically

distributed around o median ol 24 oul of 40 over many vears,
One vear o random sample of 11 ol a paracular provary schools leavers

have che fu]lnwmg scores out of Wk

34 26 23 40 M 18 21 37 35 33 20
Is there evadence ac the 5% level to support the headeeacher’s claim that
her leavers score better on che reasonmyg test than average?
W hen muse this claim have been made if the hyvpothesis cest is to be valid?
Becotide inhalers for people with asthma are supposed o deliver 50 mg
ol the active ingredient per pull, In a test in o government laboratory,
17 pufts trom randomly selected mhbalers 1w a batch were tested and che
amount of acoive ingredienc that was dehvered was determmed. The
resules, in milligrams, are given below,

439 471 523 514 450 506 51.3 41.0 49.0
46,1 326 505 478 452 499 460 428
[s there evidence ar the 25 level cthar che inhalers are not rlc.lit-'m'ing, rhe

cortect amount of active ingredient per pulf?

When a comsigtunent ol grain actives al Botlerdam docks, the percentage
ol moisture in 11 samples is measured. It is claimed thal when the ship leli
Ontario, the percentae of mowsture m the grain was 23335 on average

The percencagres found i che samples were as followes,
5.294 0.824 3.353 1.706 3.765 3.235
8.235 .760) 3.412 6471 3.471

lil  Test ac the 5% level whether the median percentage of moisture in
the graim 1s greater than 2,353, uwang the Wilcoxon single-sample
rast. What assumptions are vou making abone the distribation of
the percentage of maisture in the grain?

liil  Test at the 5% level whether the mean percentage of moisture in
the grain is greater than 2.333, using the —test, What assumption
are vou making about the distribution ot che percentage of
mosture in che grain?

liii] Compare vour two conchasions and comment.
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m 11 Check che claim in the tables char che enocal valae for the Wilcoxon
singrle-sample test, at the 3% level, for a sample of size nine 15 8.

Tip: There are 2 4= 312 diferent sers of ranks that, under the null
lvpothesis, are equally likely 1o make up 17 butl it s only necessary
to write down those with the smallest rank sums — the sets grvine

rank sums up o and including % are suthcient to verity the resale. For
cxample, the sees §17, 12,3141, 3,57 all have sums of U or less.

‘I' 12 A company s developing a nesy siall scale wind wirbine o convert
wind cnergy inte clectrioiny Carrent mnodels produce, on averagee, 300
urnts of clectraty per day The new model 15 tested over a penod of
several months, The number of units of electricity generated per dav on
30 parvticular davs is recorded, For a Wilcoxon test, the sum of the ranks
of these days where more than 500 wats of eleciriaty 1 weneraced 1s
V73 Statiny any necessary assurnptions, use 4 Wilcoxon test to exanine,
at the 10% sgnihcance level, whether the new maedel produces more
energy, on average, than current models.

m 13 The amaount of nitrogen dioxide in airborne dust (measured in suille
urits] al 20 sanpling spols around a lage city was measured belore

w
b=
Ly
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=
o
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and alier governmenl measures W encourage Lhe use of less—polluting
viechicles were inoroduced.

Examine whether the data give evidence ar the 2.3% lovel that the
covernment measures have reduced the average amount of nitragen
dioxide in the air

(] using a sign lest

(] wsinge 2 Wilcoxon test,

43 47 23 56
11 4 29 17
133 ' 102 | 78 ' 57
28 ' 34 | 170 138
91 72 61 56
48 41 14 ' 13
80 91 40 27
05 196 167 ' 157
81 ' 15 | 81 97
111 103 19 §

m 14 The speed with which 13 subjects react to a stumualus 15 timed 1o
hundredths of a second. They then play a computer game for 20 minutes

and their reaction times are re-measured.




A 231 20

B 337 344

C 168 183

B} 243 215

197 188
205 181 .~
{3 265 291 o
H 170 175 EI-E
| 302 28] o
] 250 242 S
K 316 306 -.'-??
I 252 211 =
M 226 193 "E
Lxamine whether there 15 evidenee at the 3% level thar plaving the %
compurer gama has reduced their reacrion dmes ":'f‘r
lil  using a sign tese liil using a Wilcoxon test. i,.;..
A highly skilled typist is comparing the abilities of o equarion =

ediling svstemns [or the typing ol complicated machenatica expressions.
Alhoush both systems provide special Lucilives, they both have some
daifficulties in dealing wath such expressions. The evpist has taken several
mathemarical arcicles that have heen protessionally ovpeser and has oped
each ane using both equation editing svstems. For each article, she has
counted the number of such expressions with which, in her opinion,
theere has been unusual dillicolos The results are as follows.

AlBlc|p|lE | F |l H]|I1]|]
6 | 5| 11| 16| 5|3 12]16|17] 4

3 I 19 | 12 | 15 5 5| 27 | 30 19

lil Carey out a Wilcoxon test, at the 5% level of significance, to
exarmne whether the two systerns have, on the whole, the same
abilicy i coping with such cxpressions.

The typist notes that che test statistic 13 only slightly higher than the

crivical walue, so she decides to ke o much larger sample. She rypes 90

articles and again caunts the number of expressions wicth which there has

been unwsual ditliculty using cach of the svstems, O these 90 arlicles,
she finds that in 35 of them there were a larger nomber of ditheualt

expressions nsing system 1 and 35 nsing system 2

lil  Carry ounr a sign rest at che 3% level of significance to investigare
whether the reo equarion editing svstems have, an the whale, the

same ability in coping with such expressions,

Awsers fo pxercizes are aratlable at wune hadderedusation_com S cambridpeesxtras




0 4.3 The Wilcoxon rank-sum test

In 2016, mne ccononusts made prediclions lor the growih rate o Indias

grross domeste produce (G for 2007, Ther predicnons are shown beloa,
together with seven predictions for the grosech mte in the Chinese D1

made at the same time.

6.6 | 52 | 6.0 8.0
69 | 72 | 74 | 76 | 7.5 | 68 | 8.1

6.5 7.1

Is there evidence that che economists are more optinistic about the Chinese
eeorwrh rate than that of Tndia?

This is exactly the rype of question answered in Chapter 2, excepr that here
thiere s really no reason wo assurne that the ccononnses” predictions lor the
grrovwth rate would be normally distributed. This means thar vou would

not be Justficd in using a 2-sample -tese

to compare their predicrions, Earlier _

w
b=
Ly
==
=
o
s 2
[
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-
S
&
=
=
=
wF

in this chaprer, vou saw that when the 5.2 1
assunpions reguired lor tests based on the T 2

norinal distribution are not appropriate, 6.0 3

it 15 possible to wse rankimg methods to

compare the median performance of rao 6.2 4

aroups, There o paived design was used. 6.5 a

bt the data hers are unpaired. You will 6.0 6

now develop a method, based on ranks, lor 7 6.8
comparmy the medians of teo populanons 0 6.0
that is analogous to the unpaired —rest in = 1l g

its use of reo ndependent samples, 71 10

You can ger a feeling for these data visually 11 79
by ravkang all 16 predictions, wving 12 7 4
sornethings akin to a back-to-back stemn- 13 -5
and-leaf diagram as shown on the night 14 y
This makes it look as though rhe Chinese g () 15
predicrions are higher on the whale; von 16 %1

can set tls up as a hvpothesis test.




Example 4.9

In order to

carry aut any
hypothesis test,
the samplels|
must be

random. We are
interested in
population rather
than sample
medians.

Use the data given on the previons page o tese, at the 5% sigmificance Tevel,
whether there is evidence that the economists are more optimistic about che
Chinese growth rate than thar of India.

Solution

The tormal statement is:

H_:The population median predictions for India and China are equal,

H :The populatien median prediction for China is greater than that for India.

Summticance level: 5%,

One-taled tesc.

It vou add the ranks of the Indian and Chinese predictions separately, vou

get the Wilcowon statisrics.
W=1+2+3+4+5+6+9+10+15=55
W.=7+8+11+12+13 + 14+ 16 = 8]

Check: W + W_=55+ 81 =136

This total should equal the sum of all the ranks,

Tty e e R e

2
=136

which it does.

You use che value for che smaller set to find che cest stacistic 7 In this case.
the Chinese predicrion with a value of 81 13 the value from the smaller

sel. [ Iowever, as you are miterested 1o the upper tal, vou st subtract chis
valuc of Bl fromm X (e +m+ =7 x %+ 7 + 1) = 119 This zives the test
scatistic M= 1149 = 1 = 34,

The critical walue 1s found vsing the table of crirical values for the
Wilcoxon rank-sum rest tor the relevant sample sizes and signiticance level
(see Figure 4.2}, In this case, the sample sizes are 7 and 9. the significance
lewel 15 2% and the tese 13 one-tuled. so the crincal value 15 43,

38 < 43, 50 the test statsue of 38 hes withm the cniocal reson.

The mall hypothesis is therefore rejected in favour of the alternatve hypothesis
that the population median predicrian tar China is greater than that for India,

Figure 4.2 on rhe next page shows an extrace from the table of crirical values
of the Wilcoxon rank-sutn test,

The two samples have sizes m and #, where m = n.

R_ 15 the sum of the ranks of the items in the sample of size m.

W is the smaller of R and m{n+ m + 1) = R |
For cach pair of values of s and s, the table gives the lagest value of 147 thar
will lead o rejection of the null hypachesis ar the level of significance indicared,

Awsers fo pxercizes are aratlable at wune hadderedusation_com S cambridpeesxtras
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Level of significance

One-tailed 0.05 0025 001 | 005 0,025 001 005 0025 001 005 0,025 0.1
Two-tailed _ 0.1 005 0,02 | 0.1 005 0.02 _ 0.1 0.05 0.02 _ 0.1 .03 0.02
n m=3 m=4 m=>5 m=6
3 | 6 - & |
4 6y - — 11 10 e
5 7 f 12 11 103 19 17 16
6 H 7 - 13 12 11 20 18 17 25 26 24
E 7 ! 7 & 14 13 11 21 20 18 29 27 25
= 8 9 6 |15 14 2 23 2 19 31 29 27
E 9 11 7 16 14 13 24 22 20 33 31 28
E 10 11} H 7 17 15 13 26 23 21 35 32 20
% | Level of significance
o One-tailed 0.05 0.025 001 | 0.05 0025 001 005 0025 001 005 0025 0.01
E Two-tailed 0.1 0.05 0.02 | 0.1 0.05 002 | 0.1 0.05 0.02 01 0.05 0.02
ﬁ " m=7 m=48 m="9 m=10
7 A4 A 34
8 41 kb 35 51 49 45
9 43 4 37 a4 51 47 66 Hh2 a9
10 45 42 3% |56 53 49 |69 65 61 82 78 74

For larger values of m and n, the normal distribution with mean $m (m + » + 1) and variance
! R g - i
s + 1+ 1) should be used as an approximation to the distribution of E .

A Figure 4.2 Wilcoxon rank-sum test, critical values of W

It you had been interested in the lower tail, you would have simply compared
the value of KW with the critical value of 43. It is because you are dealing with
the upper tail that you have to subtract from m = (# + m +1).

There is an alternative method of perfarming the test. This compares
the value of 1% = 81 to the "upper tail critical value'. In erder ta find this,
it is important to understand the range of possible values for 117 and the
relationship of the critical regions to it,

In this example, the smaller sample has size 7 out of a tatal of 16.

The smallest possible value of W corresponds to ranks 1, 2, 3, ..., 7, totalling

;x?xE=E&
The largest possible value of W corresponds to ranks 10, 11, 12,13, 14,15, 14.
In this case L x 16 % 17—+ x 9% 10=91.

Z 2
The mean value is % % |28 +91) =595,

LR LR EEREENERE RS RN EEE RN EEEEREEERER RS R E RN ERR RN R REEREERREENEERERERR R R R R ERERE R RN R ERERERRE RS R R EEREERRERRE R R ERREERERERRERENRLSEH:RH\..]




The critical value af 43 given in the tables carresponds to the lower tail. It is
[659.5 - &3] = 14.5 below the mean. The equivalent value far the upper tail is
1&.5 abave the mean: 59.5+ 146.5=74. You could have compared the value of
1 of 81, which you found abave, to this upper tail critical value. 5o you could
have made the comparisan B1 =76 and come ta the same conclusion as when
you compared 38 to 43. You will note that the diference in each case is 5.

38 43 39.5 70 Bl w

S

— Crilical regions —

& Figure 4.3

It vou were carrying out a two-tailed test at the 10% significance level, you
cauld use the lower critical value of 43 and the upper tail critical value of 74,

The Wilcoxon rank-sum test is appropriate for tests of hvpotheses similar to
those for which the 2-sample {(unpared) -rests thae vou met i Chapter 2
wire used. Mote the absenee of the special cases that yvou had o consader
there for small or Jarge samples, equal or unequal varances, normal or non
normal nnderlving distribations, This ses-paemmersic cese is applicable in the
satne single form ro o wide variery of situations where difference of lecatfon in
two conditions 15 being cested.

Note

You will note that in the table of predictions for India and China, none of the
figures are equal to each other. If any had been egual you would have had to
give the average of the two ranks, which would otherwise have bean given.
For example, if two figures for India were both equal to 6.5 which would have
ranks 5 and & if they were almost, but not quite, equall, yau wauld give them
both a tied rank of 5.5,

Tied ranks are an extension beyond the requirements of the Cambridge
International syllabus.
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Formal procedure for the Wilcoxon rank-sum test

To calculate the statistic vou take che followingr steps,

1 ank all (w4 #) sample valoes 1 to (w4 s}, geemys the lowest rank to che
simallese valae.

2 Calculate the sum, W, of the ranks of the x-values, and the sum, W, of

the ranks of the y-values.

3 Check that W+ W = %{m +njim+n+1).

This must work because the right—h;lnd side is the formula for the sum of
the numbers from 1 to (m + #); that 1s, the total of all the ranks.

& For a lower tail test, the test statistic 15 the value of W for the smaller
sample, that of size m. For an upper rail test, the test stacistic is
mim + 1+ 1) — W. For a two-tailed test, the test statistic is the smaller of
Wand mim+n+ 1) — W,

5 The crincal value s found from the table of crincal values for the
Whlcoxon rank-swm test, accordinge to the two sample sizes, the chosen
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significance level and whether the test s one- or cwo-iled.

&  The mull hvpothesis 13 then rejecred if F s ac least as extreme as the
approptiate critical value {in other words, less than the critical value).

Example 4.10 In an experiment on culmral differences in interprecing tacial expressions,

1y English children and 12 Japanese children were each shown 40 full-face
photographs of American children who had been asked 1o display paricular
emotions m thewr facal expressions,

They were asked to desenbe the feehngs of che children m the photographs
and che number of correct responses they made was noted. The resules of this
experiment, as scores out of 40, are shown below,

6 | 18 | 19 23] 28] 20 [ 3¢ 35
37 | 39 | | | |

7 | o1 | 24 | 25 [ 26 | 27 | 30 | 3
33 | 36 | 38 | 40 | |

s there evidence ar che 3% lewel that l-fng]iﬁh 3111‘1U]apm1mc children differ in
their abilities ro iden I:il"'j,r Armerican facial EXpessions?

Solution

The formal staterment of the hvpotheses under test is:

H, The distributions of English and Japanese scores have the same median,
I The distributions of English and Japanese scores have different medians,
under the assumpnon that che distnibutiens have the same shape.

Significance level: 5%
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Two-tailed rest.

The scores are shown below, with their ranks.

16 |
p 17

s 3

19 4
5 21

23 6
7 24
25
y 26
10 27

24 1

29 12
' 13 30
14 31
15 33

34 16

35 17
18 36

37 19
20 38

39 21
22 44)

The sun of the rankings for English scores 15

We=14+534+4+6+11+12+16+17+19+21 =110

and the sum of the rankings for Japanese scores 15

H’3=E+5+?+H+9+1ﬂ+13+14+ 15+ 184+ 204+ 22 =143
Check: W+ W =110+ 143 =253 = % X 22 %23
So the value of M7 for the smaller sample is 110, The test statistic is che lower
of W=110and mim+nr+1) — W=10%x235-110=1X"Thus the test
stalistic 18 110,
Becanse the value of o 1s greater than 10, the tables for the Wilcoxon

rank-sum test cannot be used. Instead, vou can use the normal

approximation, which states that, for large values of m and n, the test statistic
W is approximately normally distributed with mean fm{m +n+ 1) and
variance zma(m+n + 1).
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So in this case where m=10and n=12

the mean is dm(m+n+1) =X 10X 10+12+1) =115

and the variance is Somim+a+1) = Fx 10} 12X {10+ 12+ 1) = 230
s0 the distribution of the test stanistic 1s approxamately N{115, 230).

You need to find P{T = 110) so, applving a continuity correction, your

e 110.5—-115
transformed test statistic T’ = ——=——= = —{).2967 You need to apply
~/23() -~

a cantinuity
The critical value at the 5% significance level correction since

(two-tailed) = —1.96. the ranks are all
whole numbers.

—(,2967 = —1.96 so there is not enough evidence
to reject H, .

There is insullicient evidence to suggest that the English and Japanese
children differ i ther abilities to adentfy American facial expressions.
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m etermine the 1% ane-tatled (2% rero-tailed) critical value for the samples

0 wilh sizes o — 33 and n — 38.

Solution

You want to find the integer ¢ so that P{(T = ) = 0.01, where T has
mean sm{m+n+1)=1x33x{33+58+1)=1518

and variance fmm(m +n+ 1) =5 X 33 x 58 X (33 + 58 + 1) = 14674.
1 15 a discrete variable, so yvou must make a continuity correction.

P(T = 1) = P{normal approximation to T < r 4+ ().3),

‘4 0.5— 1518 From the table
Thus vou require fb( = )E (.01 of critical values
! : V14674 for the normal
distribution
£+{J,5—15]H] '
—_—— | = -2 3264 ; =
( 14674 E[;?-s- 2.326)
t=1517.5=14674 % 2 326 so Pl7Z = -2.324]
= 1235.74 =0.01

This means that values of 1 less than or equal to 1235 are in the critical
region. 1235 is the critical walue,

Exercise 48 This exercise contans questions about both paired and unparred samples,

toy enahle VN1t Pracrise dt{:iding which nOn-parametric pr-:}-:'.r:-:lut'-.r 1%
appropriare,

()| 1 Of17 schoal-leavers from one school wha went an to universire. 7 wenr
w the Natonal Science University (INSUD or Natdonal Universicy of

LR E R EEREENESRE SRR EEE RN EREEREEERER RS R EERERR RN R R R ERREENEERERERER R R R R LR ERE R RN R R ERERE SRR RS R R R RN ERRE R R EREERERERRERENRSEH:RH:.]




Technology (INUT) and 10 1o other urnversilies. Three years laler, when
thaese 17 ot jobs, their starting salaries, m §, were as listed below.

NSU and NUT students
35,000 24,060 26,540 22810 28,400 43,300 18,024

Students from other universities
37,500 23,234 30400 20,680 22,080 15,720 21,960
25,090 23,300 23,995

[il  Test, at the 3% level, the hvpothests that the starting salaries of
NSU and NU'D graduates are higher than those of graduates from
other wmversities.

lil  Criticise the sampling procedare adopred in collecting chese data.

2 The blood cholesterol levels of 46 men and 28 women are measured.
These data are shown below,

621 237 92 745
301 SE1L 152 723
131 56 105 428
204 478 119 303
417 HHY a4 10058
939 1080 1104 329
1061 145 382 G1Y
2313 770 32 204
G110 139 206 174
67 238 333 1203
H¥7 226 8310 922
717 106
207 529 104 72
377 452 ol 6210
1003 162 t4 391
149 371 208 194
=0 205 370 871
710 973 304 189
(ST 191 233 127

153) WNS-YUEBJ UOXOIIAM SY] £

[Surm ot men’s ranks = 1878, sum of women’s ranks = 897 ]

Is there evidence at the 5% level that the blaod cholesteral levels af men
and women difler?

Do the data sugrzest that the assumptions of the test are justified?
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Given rwo rock samples, A and B, geolognsts say chat A 1y harder than B

if, when the owo samples are rubbed together, A seracches B Eleven rock
samples from strarum X and seven from stracum Y are rested in chis wav to
determing the order of hardness, The Lisc below shows 18 samples in order
of hardness and which stratum they come trom. The hardest 15 on the ngcht

XXXXXYXYXAXXYXYYXXYY

[s there evidence ar the 5% level that che rock in stratum' s harder than
that in stratum X7 The critical value at the 5% level for me = 7,0 = 11 is 86,

An ageresate material used [or road surlacing contains some small stones
of vartous tvpes, A hirhway enmneer 1 examuung the composation ot ths
marerial as delivered from two separate suppliers. 'The stones are broadly
classified into two rvpes, rounded and nen-rounded, and che percentage
af the rounded type is found in each of several samples, Tr is desired ra
exarmine whether the two suppliers are similar in respect of this percentage,
(] Inan inial investigation, histograms are drawn of the proportions
of rounded stones in samples from the tewo supphiers. [iscuss brictly
what these histograms should mdicate about the shape of the
underlving distribution so that the comparizen may reasonably be
made using

[a]  -lest
(Bl a Wilcoxon rank-sunn lest,

(] It 1s deeided thae 2 Wilcoxon rank-sum cest must be wsed. Detaled
dara of the percenage of the rounded type of stone for 15 samples,

% trom ane supplier and 6 from the ather, are as tollosws,
46 | 52 34 | 17 | 21| 63 | 55 | 48 | 25
59 | 53 | 71 | 39 | 66 | 58 |

Test at the 3% level of significance whether it is reasonable to assume
that the true median percentagres for the suppliers are the same.
The canceen moa factory w some distance from the building where the
actual work rakes place. The company believes that it emplovees take
longer walliing back o worle after breales in che canteen chan they do
in walking there, They time ten people walking o the canteen and ten

wallang back rom 1t Their tunes, i seconds, are as [ollows,

50|46 |57 72 33 84 [ 104 79 [ 39 | 63
55| 73 | 56 | 88 | 35 | 109 | 127 | 75 | 42 | 76

[ Wse these data to carry out a tost of the companys helief at the 5%
significance level.

After the rest has been carried our, the person whao collecred the daca
potnts oul that they refer to just ten individoals, Thear ones are sven
the same order.

[iil  Carry out a now hypothesis tese in the hght of chis mmformation.

[iii) Clompare and comment on the resules of the mwo reses.



Random samples x , x,

independent populations. The Wilcoxon rank-sum test is to be used to
test the following hypotheses.

e and Voo P «ovs ¥, aLE taken from two

H, The vwo populations have identical distributions,

IT :The vwo populations have identical distributions except that their
location parameters differ.

Accordingly, the complece set of w + n observations s ranked in
ascending arder (it may be assumed thar ne two observations are exacrly
equal). 5 denotes the sum of the ranks corresponding to x ,x,, ... x .
[il Consider the case m= 4, n=>5.
la]  Show that, if all the x are less than all the y, then the value of
S s 10,

bl Lisc all possible sets of ranks of the x values thar give rise to a
value of 5 such that § = 12,

lc]  What is the total number of ways of assigning four ranks from
the available nine to the x values?
ld]  Deduce from your answers to parts [b] and [c] that the
probability that S = 12if H_ is true is %
20
le] Compute the value of this probability as given by the normal
approximation

1 1
H{Em (nt+ 1+ 1), ﬁmu{m + i+ I]}

to the distmbution of Sif H.. 15 true.

lil]  The ﬁﬂ]nwing are the numerical values of the data for a case with
m==6n=4.

46 | 66 | 6.0 | 3.2 | &I 2.5

55 | 7.9 | 7.1 63 | 84 | 6.8 | 102 9.0

Test H against HI at the 5% level of significance, using the normal
approximation given in part [e] above o the distribution of §
under H or otherwise.
As part of the procedure for interviewing job applicancs, a firm uses
apritude tests, Each applicant takes a test and receives a score, Two
dafferent tests, A and B, are wsed. The distmbution of scores Lor cach test,
aver the whole populabon of appheants, are understood to be strmlar m
shape, approximately syimmernical, bue noet normal. However, the locanon
parameters of these distributions may difter, The personnel manager
is investigating this by considering the medians of the distributions,
with the null bvpothesis, TT o that these medians are equal. T s thoughe
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that test B omighi lead w consistently lower scores, so the alternalive
hypothests H s that the median tor test B s fess fran that for tese AL

The scores from tese A for a random sample of seven applicants for a
particular job are as tollows.

37.6 34.3 38.5 38.8 35.8 38.0 38.2

The scores from test 13 for a separate random sample of seven applicants
[or this job are as Lollows,

37.3 33.0 339 321 37.0 35.0 362

(il Culeulate the value of the Wilcoxon rank-surn test statistic for
these data.

(il Stare the critcal value for a one-sided 5% test of H against H|.

i) Stare whether values fess than this critical value would lead ta the
acceplance ot rejection ol .

(] Carry oul the test.
Mow suppose, mstead, that the two distnbuaoens can be taken
as ormal (with the same vartance), and chat che est 15 w be
conducted in terms of the means. Deseribe brefly a procedure
based an the -distribution for carrving out this rest using
these data.

Random samples C AT . and ¥y Var -1 ¥, aTC taken from two
independent populations. [t 1s understood that these two populations
have identical distributions except possibly for a difference in location
parameter. The null hypothesis, H , chat they have the same location
parameter is to be tested against the alternative hypothesis, H | that
their location parameters differ, using the Wilcoxon rank-sum test. The
complete set of all m + n observations 1s ranked in ascending order (it
may be assumed that no two observations are exactly equal); W denotes
the sum of the ranks corresponding to x, x,, ..., x .

[il  Show that the minimum value W can take 1s %H‘i‘[ﬂﬁ + 1).

liill  Find the maximum value M can take.

liti] The sample data are as follows.

10.2 | 13.5 | 152 | 154 (108 [17.7 | 121 | 138

146 193 | 116 | 129 [ 184 (169 182 [ 187 | 16.1 [ 19.D

Calculate the value of 1 and hence carry out a two-sided 5% test.
1
e : XTTE - . 2 .

Given that the vanance of Wit H 1s true 1s = mi{m + 1), repeat the
test in part [iii] using a normal approximation to the distribution of
Wunder H .

livl Show that if H_is true the expected value of Wis 5 m(m+n + 1),



9

Wohile at a summer camp, children are given healthy food and take
plenty of exercise. In their publicioy the camp’s orgamisers claim that afeer

a soay the children are ‘leaner and fitrer’,

An advertising watchdog body decide to check this claim. They weich
1 chaldren ac the stare of thew stay and when they leave, three weeks
later. The 10 children are alse requared e ran 1.3 km at che start and end
ot their stay; on horh occasions, the times ralken by che Tse, 2nd, (o, 10t
child re complete the distance are recorded. The dara are given helow:,

Wei 48 53 1 Tm 55s 7im 39
Drexter {8} ol 2 Jm bhs 7m 52s
| Ying 49 47 3 Bim 125 Him (155
Asha 35 K 4 Him 135 Hm s
Hakim 47 HI 5 Hm 46s Hm 55s
| Vinoj 6H2 Bd f Y 35s Him 56s
Nijah 34 39 7 10m 34s | 10m O1s
Jie 57 47 8 [11m22s | 15m 10s
Cassie G a7 9 15m 38 | 15m 11s
Qiang .38 33 10 19m 225 | 15m 12s

[il  Cxplaim why it 15 not appropriate to use tests based on the normal
distribution or the +distnibution.

il Use appropriate teses at the 5% sizmficance level on these daea to
Invesrigate the -z_'an'ul'.n’:«; fnr*g;miier‘s’ claim chat afrer a SV the children
are leaner and fver’,

liil] Do the camnps organisers have grounds wo crilicise the experiment?
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v/
KEY POINTS [4
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1 'The sign test 15 used to test the value of the population median m or
the median ditterence m, between two populations when samples are
paired.

No distribucional assumption is requived, but the magnitude of the
differences s umored.

2 The Wilcoxon signed-rank test 15 used to test the value of the
population median s or the median difference i, herween owo
populations when samples are paired.

Distributional assumption required: the variable is symmetrically
distributed about its median.

P is the sum of the ranks corresponding to the posiove differences;
(215 the sum of the ranks corresponding to the negative
differences.

The test statistic T i1s the smaller of P and .

The critical value (the smallest value of T for which H_ is rejected)
1s found from tables.

If n 1s large, T 15 approximately distributed as

N{m:”: 1},H{” i I%Erg” it I:IJ and a continuity correction should be

used.

3 The Wilcoxon rank-sum test is used ro rest the null hyvpothesis thar
Lwor populations have the same median.

Instribunional assumption regquired: the distributions of the two
populations have the same shape.

The two samples have sizes m and n, where m = n,

R _is the sum of the ranks for the sample of size m.

The test statistic 7 is the smaller of R and m(m +n+ 1) = R .
The critical value (the smallest value of W for which H 15
rejected) 15 found from tables.

If s and # are large, 15 approximately distributed as

.-\-'[ml:m -';ﬂ +1) ,HIH{?H1-|:?IJ - lj] and a continuity correction should

ra

be used.



¢(» LEARNING OUTCOMES J

MNoras yvou have fimshed thas chapter, vou should be able to

m understand the idea of a noan-paramerric tesc and appreciace sitmarions
i which such a test rmghe be usetul

B use a single-sample sign test wo lest a nvpothesis concerning a
population median

B ouse asnurle-samnple Wilcoxon simed-rank test to test a bypothesiy

. - 1 P o [ : B
comeerning a population median 5
B use a paired-sample sign tese to test tor identicy of two paired =
populatians e
i . L : . -
B use o Wilcoxon matched-pairs signed-rank cest to test for idencity of =)
two pared populations -

: -

B ouse a Wilcoxon rank-sum test to test for wentity of two separate = ol
popularions, L=
T

=

« 3
s
= B
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Probability generating
functions

If you educate
a man, you
educate an
individual, but
if you educate
a woman, you
educate a
whole nation.
Lr J.E K. Aggrey
[1875-1927/

i
Z
=]
=
(]
=
]
T
2
=
b=
=
o
w
z
[T
(L)
=
m
<
m
=]
o
o
T3

uring the first season of England’s Premier Leapne foothall comperition,
462 matches were plived. The frequency of the number of goals scored
in each game by the aosy teamn, and associated relalive frequencies, were
recorded as tollows.

i 1 2 3 4 5 =5
149 179 91 57 3 3 {0
1,323 387 0,197 (080 0,006 0006 ()

Assunuing that these relatve frequencies reflect the general pattern of scoring
in Premier League matches, they mav be nsed as empivical probabilities ot 0, 1,
2y oo goals being scored by any teains per tmatch,
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® 5.1 Probabilities defined by a
probability generating function

Let X be the discrete random sanable representing the nambaer of goals

scored per game by away teams. Then one way of storing the probabilicies 15
in the probability generating function {PGF)

G() =0.323 + 0.387 x 1 + 0,197 x £ + 0.080 x ¢
+ 0,006 x ¢ 4+ 0,006 x F

whete the coefficients of r*are the probabilities F{N = %, The variable v is a
dunumy varable ag, inatselt) it has no sgntheance. However, 1c has an imporeant
role to play 1 subsequent analyses, which vou waill appreciate Liter oo,
Substituting ¢ =1 gives

G(1)=0.323 + 0.387 + 0.197 + (L.OB0 + 0.006 + 0.006 = 1

as the sum of the probabilities has to be 1.

This can be set out in tabular form.

I ! = A i *
0,322 (.387 019y 1,00 (b7 LT
(1,323 0387 x 0,197 x # (080 = 0006 x ¢ 0,006 =

Thus
G(t)= Lt P(X = x)

and this can also be written as E(r)

which gives the general definition for a probahility generating funcrian.

uaipauny bunessuab Ajpigeqoud e Ag pauysp saiigegqodd |G

The Poisson distribution

The way m which G} penerates probabilities 1w best seen trom a dheoretroal
model. From the shape of the probabihity distnibution for gouals scored by away
teams, it looks as though a Poisson distribution maght produace a good fic
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FProbability
generaling
functions are

used for discrete
random variahles.
The equivalent

far continuous
variahlas are
moment generating
runctions hut these
are beyand Lthe
scope of this book.

Using a suitable ¥° test vou can check rthar, ar the 5% level of dgnificance, a
Poisson distribution with mean 108 {using the sample mean as an unbiased
estimate ol the population mean) produces o good [ The theoretival
probabalines tor a Powsson distribution, with mean = 108, are given by

o 1.08%

x|

P(X=x)=e

Therefore the PGF G{f), given by E(t*) = Z*P(X = x) may be written in a
convenient form :

6= Fem 108,

When this is written as a series it is

2 3
G(t) = "1+ 1.08¢ + l-'-%?—r'—’ + Lf_,;?'—r-‘ +...)

This can be written in the very neat and convenient algebraic form as
[;{F} = p—l0Ea 106

= @l0R{-1)

This result shows why the PGE can be useful; vangs o lot of probabilices as
the cocthoents of powers of ¢ a funcoon does noc at iest seem like a cood
idea — and does not seem o do anvthimg char listing the probabihoies in a

table could nor do maore easily, The reason that it can be waorthwhile is thac
the [unection made up by using a list of probabilities as the coellicients of
powers of ¢ can sometines be written i an aleernative, sunpler way, Here, by
recopnsing an exponential series, the funcoon, whoch started oue as an infinee
s, can be wrieken i a very near way; this is che beauntul PGE onick ar work.

The PGF for a discrete random variable X, where X ~ Poldl, is given by
G(f) = e*""", A formal proof is given later in this chapter.

Basic properties of probability generating functions

The example above illustrates some basic properties of probability generating
functions (PGFEs) for any discrete random variable X,

G(t)=E(t*) = X*P(X = x)

= G(1)=ZIP(X =x)=ZP(X =x)=1

Definition

If X takes non-negative integral values only, then the probability generating
function takes the form of a polynomial in ¢, which is often written as

G(ty=Xpt-=p, +pt+p i+ +pt"+...
where p_denotes P(X = x); for example, p, denotes P(X = 2). The function

Ci{r) may be either a fimte or infinite polynomal: thar 1s, 1t may terminate
after n terms or continue indefinitely.



The uniform distribution

Example 5.1

Let X be rhe discrete random variable thar denates the scare when a fair die
is thrown, Find the probabilivy generating [unction (PGF) [or X

Solution

The probabilicy distribucion is given by

1 2 3 4 5 6
1 1 1 1 1 1
b 4 b 4 b b

The PGF for X is
1 1., ,1 1 1 1

SR EBA A S i e

= %I{l +i+ 6% + 17 +1* +§* )4——— The first six terms
of a G.F. with

_1,,1=-¢ first term 1 and
i) 1—t common ratio f.

el

C6(1—1)

The binomial distribution

Example 5.2

Wei s a keen archer. He has taken part in many compettions. When aiming
for the centre of the rarger, called the gold, he finds thar he hits the gold 704%
ol the time. Find the PGF [or X, the number of gold his in lour consecutive
shots at the target.

Solution

As X~ B(4,0.7), the probabilities are given by P(X = x) = [4] T i R e
X

which gives the following distmbution.

o | I 2 3 4
03| 4x07%03 | 6X07x0.3 | 4x07x03 | 0.7

The PGF for X 1s

4 4
G{t) = E(t*) = & p t* =Z[4J ¥ 0.7% X 0.34% % p%
x=ib =0 X

=03 +4x03* x0.7t+6x032 x0T +4x03x 0.7 +0.74¢¢
= (0.34 0.7
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When X ~Bln, plie. P(X =x) = {H ]p"q"’ “, whereqg=1 - p, the PGF for
7

Xis given by G{t) = (g + pt)". A formal proof is given later in this chapter.

The geometric distribution

Example 5.3 A pack of playing cards conrang 32 cards, wath 13 cards of cach of four

suits (hearts, spades, diamaonds and clubs). A card is selecred ar random from
a notmal pacl of cards, IFic is a hearr, the experiment ends, atherswise it is
replaced, the pack 13 shullled and another card 15 selected, Let X represent the

nummber of cards selected up e and including the Lrst heart, Find the PGE
tor X,

LIC N K R N N

Solution

As X follows a geometric diﬁtrihutiﬂn,_ that is, X ~ Geo(3), the probabilities
are given by P(X = x) =4 x(1-4)", which gives the following
distmbunon.

1
1
4

3 4 5

xR (@) 12 3)

n
=
=
F
>
e
<]
=
=
o
i
Z
L
o
-
=
=
@
=<l
]
=]
o
o
n

N -
- I
P %

The PGF for X 15

==

Gl = ()= T p.r =3 (@) v
(D (HE+(HE) ) 0+ () e+

LN R R N NN

é = @1+ @0+ G + G + G0+ ¢
: 1 —
3 =(1 ;|i_j| The sum to infinity
: ) 1-3¢ of a G.P. with
: ¢ first term 1 and
= FER T common ratio 3.

: Note
When X ~ Geo(p), i.e. P(X = x) = pg*', where g=1 - p, the PGF for Xis
given by G = “Ii—”qr A formal proof is given later in this chapter.

LR CE R NN ]
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-

Loer X be the discrete random vanable chat denotes the sum of the scores
when rwo fair dice are thrown. Construcr a rable for the probabilicy
distribution and so write down the PGE

2 Let X be the dscrete rndomn variable thual denotes the absolute dilerence
of the scores when two fair dice are chrown (x=0,1,2, 3,4, 5). Construct

a table for the probabihity dismibution and so write down the PGLE

3 A fair coin is rossed rhree times and the number of tails appearing is
nated as the discrete random variable X {x =101, 2, 3), Construcr a table
[or the probabdicy distribucion and so write down the PGE

4 A box contuns three red balls and two green balls, They are taken
ouc one ac a time, wdthont replacement. Let N represent the number of

withdrawals unal 2 red ball s chosen. ind s PO

5 The experiment in question & is repeated, bt this time with replacement,
Find the PGF for che number of wichdrawals until a red ball is chosen,

5 A random numnber generator i oa computer sane prodoces valoes chat
can be modelled by the dscrete random varable X wath probability
distribution given by
PX=rn=k! r=1,2734,5.

Petermine the value of & and so wrire down G, the PGF for X,

dIUELIEA DUE UDITE] ]‘dej' eg

7 Astudent is shown three craphs, She is also given three equations, one
for cach graph. She matches cach graph with 1 cquaton at random.
Clonstruct a table for the probability diseribunon of X the number of
correctly idenafied graphs. Deduce che PG for X

B Two students are to be chosen to represent a class containing nine boys
and six girls, Assuming thar the students are chosen ac randam, find the
PGE lor X, the nuinber ol grls represenung the sroup.

9.2 Expectation and variance

For any discrete probability distribution, the expectation (mean) and
variance may be computed as follows, using the shorthand P(X=x)=p .

u=E(X)= g;::p*_

g =Var(X)=EX -p) =Xx—u)p =X«'p —u’

= E(X?)-p2. |

v successively differentiacing (0t), the probabilioy generating function for X,
formulae tor the expectation and variance can be derived elegantly. It is here
that the power of the PGF as an alzebraic tool becomes apparent,
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Expectation

This may be obtained Iron the probability generating funcaon G by
dafferentating with respect to ¢ and evaluaung the expression at = 1.

Glt) = E(t¥) = Ep__r*’

= G'(t) = Txp 1t = E( Xt+-1)
= G'I[]]=%',xpx = E(X)

Therefore u = E(X) = G'(1).

Yariance

This may be obltined by diflerentiatiog GYoamd evaluaang the expression
at i=1.

G'(f) = Zxp e~ = E(Xt*')
= G"(1) = gx{x— 1) p t*? = B{X (X — 1)1*-2)
= G"I{]}Z}:_:..'-:I:.:':—]}pj = E(X(X-1))
= G"(1)= -Eﬁ-ﬁn —Zap, = E(X?)-EX)
=% E{.}{EII:(-“T”{“]:|+I~..{.‘{:I =G"(1)+ G'(1)
Therefore

cr=G"(1)+ G- (G(1)? or &2 =G"(1)+u—p’

Summary

Whenever 4 POF is given [or a discrete random variable, the expectalion
(mean) and vartance may be evaluated wsing the {followinge defimuons.

p=E(X)=G'(1) and o =Var(X)=G"(1)+G'(1)-(G'(1))’

[ the [olloadanye examples, the hirst one shows how the polvoonal lor

tor a4 probalihiey generanng funcoon G may be diferenoated cwice m
arder to derive the expectation and wariance. You should notice char this
just reproduces exacthy the usnal calculations for mean and wariance, and
there is no @in from the PGF method, However, the two further examples
detnonsirate the remnarkable power of the POF method when 10 15 possible 1o
write the function Gty in a ssmpler form.



Exa mF'I-'E-' 2.4 Let X be the discrete random variable that denotes che absolute difference of

scores when owo fair dice are chroen. Using a PGE confirm that ECX 15 just
under 2and determine Var{X),
Solution
The probability distnbution of X was derived i Exercise 5A, question 2, as
0 1 2 3 4 5 |
3 3 4 3 2 1 $ o
18 18 18 18 18 18 = M
;X
The PGFE lor X 15 as [ollows. : ﬁ
Sl e b e S s : E.E.
S S e e T P S
e 5 RO e s P2
= SIS s e
el i E % @ 3 E ;—;
= 'O =gttt Rt TE : 2
BRSNS O S S A | s
Therefore G'(1)= TR TR TR TR Tk ik E
" 8 18 24 20 _ 70 8 :
and G"(1) = EtTRTRTR -1 %
= E(X) = Gu}_]” :
and Var (X) = G"(1) + G'(1) = (G'(1))2 :
I e N T 17 '
=9ty (113) 324 = 20 :
> Confirm that these results may also be derived from first principles, i.e. ':
p=E(X)=Xaxp, and 62 = Var(X) = Zxp —p’.
Example 5.5 Four unbiased coins are tossed and the number of heads (X) 15 noted. Show :
that the PGF for X is given by G(f) = %El + )", From this, calculate the mean :
and variance of X, :
Solution
As X~ B(4, %}, the probabilitics are given by E
; 4 E
P(X=x)=|" 3G =" =" H :
SO AREY _
The PGF for X is :
4 o :
Gi=E()=2pr=%3| " | :
x=li x=ilL « .
= {1+ 4t + 662 + 44 +t4) :
= %(1+)* >
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Fronn the PGF the mean and vartance of X are found by differentiation.

11 ] ] ap |.

r(£]=4}cﬁ(1+r]-ﬁ=3(1+r)-‘ = @{1}:13{3-‘-:2

O Fah 1 a_ 3 i 3 3

G"(f) =3xz(1+n=5(1+1)* = G"(1)=3x2?=3
= E(X)=G'(l)=2

and  Var(X)=G"()+G'(1) = (G'(1))? =3+2-22 =1

&
L
-

Example 5.6 A box contains three red balls and taro green balls, They are taken out one at

a time, with replacement, Let X represent the number of withdrawals until a
red ball 15 chosen, Caleulate the mean and varance of 5.

LR R R RN RN NN R R

Solution

In this experiment, the outcomes follow a geometric distribution,

% and g =1- 3 - gf and so the PGF is

X ~ Geo[p), where p = E=iE
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Differentiating with respect to f, using the quotient rule:

: } (5=2)x 3= 3 x(-2) 15 . G

. 1 — — Tr = == |=

: G(t) 5= 212 G- 20) = G'()=5=13

Differentiating with respect to t, using the chain rule:

: o s 29 x(2) = -0 (1)< 50 _ 52
G"(() = 2X15X (3-207 X(2) = ggps = G"(1) = 57 = 25

— E(X)=G'(1) =13

LR E R R ENEREENRENREH:]

and  Var(X)=G"(D)+G(1)—(G'(1)) = 2§+ 12

3| I
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._.
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Example 5.7

A discrete random variable X (x =0, 1, 2) has PGF given by G{f) = a + bt + ¢,

. 1 . - .

where a, b and ¢ are constants. If the mean 15 15 and the variance 15 ]l{l find the
]

values of a, b and ¢

Solution
AsPX=0 =g, PX=1)=band P(X=2) =¢

Gl =a+ bt + & — Gl)=a+b+c=1 @
As =17 and E(X) = G'(1):

G'()=b+ 2t — G{lY=b+2c=17 2
As o2 = G"(1) + G'(1) = (G'(1))2, 50 G"(1) = &2 = G'(1) + (G'(1))?

=%-1%+[1%T =1

G"() = 2 =  G")=2%=1 ®
From equation 3 2c=1 = £=3
From equation 2 b+ 2e= ];I = b= 1},—23{%::1
From equation @: a+b+c=1 = = —'I'——;=ql
Therefore a=yqb=4c=2.

0

1 PR 1l & -

jr+1r +{—.r "'ﬁf . Find its
1
=1

1 A random variable has PGF G (t) = :’l+
1

mean and variance.

2 A random variable X has PGF G{r) =
Var( X)),

3 Let X be the discrete random vanable that denotes the score when a fair
die is thrown. Use its PGF to find E(X) and Var(X).

4 A fair coin is tossed three times and the number of tails appearing is
noted as the discrete random variable X{x =0, 1, 2, 3). Use the PGF

{1+ 2¢)*. Calculate E(X) and

G = ﬁl{l + 3t 4+ 32 417
to calculate the mean and varance of X,

5  The probability generating function of a discrete random variable, X, is
G(f) = (kr + 1 — k)", where k is a constant (0 = k = 1) and » is a positive
integer.

Prove that E(X) = nk, and find the variance of X.

& An ordinary pack of 52 plaving cards containing [our ace cards is cut [our
tunes. Let X represent the number of aces appearing. [ind the probabaliey
grenerating funcoon for X and so find the mean and vanance ot X

7 A king and UEST WATIE 3 560 and heir to cheir I{ihgdnm. et X reprosent
the number af children they have until a hoy is harn,
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[i]  Assuming that each pregnancy results in a single child, and that the
probability of a boy 1s (1.5, show that the PGF for X is given by
. R 1
o e
[iil  From this show that both E{X) and Var(X) = 2.

@ 8 A random wvariable has PGF G{f) = a + bt + ¢ It has mean

. 2 .
variance % Find the values for a, b and «.

§  Two [hir dice ave thrown and X represents the lvger of the two scores,
Find the PGFE tor X and so find the mean and vamance of X

INVESTIGATION Landmark competition

In a comperition, the entrant has to match a mamber of famous landmarks
(A, 150G, ere) with the councry in which it is to be found (1.2, 3. etc.}. The
nuinber of countries o choose om is the sane as the numnber of Tandmarks.

CAN YOU MATCH THE FAMOUS
LANDMARK WITH ITS COUNTRY?

!

/. \l\“ =
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& Figure 5.2

Lot X represent the number of correer matches that the entrunt makes. Por
the purposes of this investigation, assume that the matching of the landmark
to its councry is chasen at randam,

In each case take the correct marching as A & 1,B & 2,C & 3, ete.

1  For three famous landmarks the possible matchings and values of X are

as tollows,
A 1 1 2 2 3 3
B 2 3 1 3 1 2
C 3 2 3 1 2 1
X 3 1 1 0 0 1

Find the PGF for X and show the E(X) =Var(X) = 1.




2 lil  For four tamous landmarks explain why there are 4! = 24 possible

matchings, only one of which is a complete matching.

lill Show that the PGF for X is given by G(r) = §+ lr+ lF +i£*.

R L
lili]l Use the PGF to show that E(X) =Var(X) = 1.

3 il Forwm(n>2) famous landmarks there are n! possible matchings.
Explain why P{(X =n) = “L, and P(X=n-1}=0.
il Prove that P(X=n—2) = 51— and P(X = n - 3)

—Y
liii] Verify these results forn=3 and n =4,

_ 1
T 3xin-—3)!

4 For five famous landmarks, use the results from part 3 and the
assumption that E(X) = 1 to derive the PGF for X.

5  For six famous landmarks, use the results from part 3 and the
assumptions that E(X) = 1 and Var(X) = 1 to derive the PGF for X

& [i] Compare the PGFs in parts 1, 2, 4 and 5. How are they related to
each other?

lill  How can you use the PGF for n possible matches to derive the
PGF for 1 — 1 possible matches and for n + 1 possible matches?

5.3 The sum of independent random
variables

At the beginmng of the chaprer you saw that, with a mean of 108 goals per

S3]qEIIBA WOPUES JUapuadapul Jo WNs ayj] £6

match, the random variable X, the number of goals scored by the aweaye ream
in each game was distribured approximarely Pol(1,08), So the probability

generating function for X is given by G (f) = e~ 1,

Let ¥ represent the number of goals scored by the fome teann. Then, o the
dara collecred for the same scason for howe temns:

I 11K} 0.216...
1 157 0.339_ ..
2 110 0.238..,
3 53 0.114...
4 28 0.060. .
3 ! 10 . 0.021...
6 3 0006, ..
7 1 0.002. ..

the sample mean is 1.56 (to 3 s.f.). Again a Poisson distribution is a good fit
to model the number of home goals: that 15, Y~ Po(1.56) with PGF

Gy{ﬂ = pla3bl-11
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What do the models predict lor the distoibuton ol the wial number of goals
seored by both sides inoa march? For instance, what do they predict for
PX+ Y=23):

PX+Y=3)=P(X=0and Y=3)+P(X=1and Y=2) +

P(X=2and Y=1)+P(X=3and Y=0).
The prababilities of P{X = o and Y = &) are not simply related 1o che separace
probabilites of away and home goals, POC= o) and FOY = 5, undess you
assume that the random varables X and ¥ oare independent, You maght not
expect this to be the case (if one side plays a lot berter and scores a lor of
eoals, then their opponents do not} bur, surprisinghy, the figures sugeest thac it
is true oo reasonable approximation,

It X and Yare independent, P(X=aand Y=0 =P{X =a) Xx P(Y = b). s0
PIX+Y=3)=P(X=0xP(Y=31+PX=1)xP(Y=2)+
PIX=2)xXP(Y=1+P(X=3)xXP(Y=0)

This figure can be found very neatly from the PGFs for X andY, because
G X G = (PX=0)+PX=1)t+PX=2)"+
P(X=3f+...) x (P(Y=0)
+P(Y=1t+P(Y=2)f + P(Y=3)F + ...).

Picking from this product the terms in £, you get
PIX=0)xP(Y=3f+PX=1xP(Y=2f + P(X=2)F x
P(Y=1)t+ P(X=3)f x P(Y =0)

=PX+Y=3 xp

The same relationship holds for other values of X+ ¥, and so for other
powers of 1 in the product G (f) x G, {f). This means that

G )X G () =P(X+ Y=0) +P(X+ Y=1)t+
PIX+Y=2F+P(X+Y=3f+ ..,

but the right-hand side of this equation 1s just the PGF for the random
variable X + Y, so that

{_;'_1,'-“:' X L;",'m = {-;.'{+ H{F:I
and so

pl = o108 = 1] W15 =1] = @26 1)
G, 0=e X e =g !

This PGF is just that [or a Poisson random variable with mean 2.64, which is
thie sumn of the means for the two independent random variables that you are
addingr. The vesule, chat che s of tao mdependent Posson vartables wath
means A and gois a Poisson vanable wath mean A+ g should be familiar to
violl frem your earlier wark on the Poisson distriburion,

The result derived from these variables in tace holds, by exactly the same
argument, [or any pair of independent random variables X and ¥ A lormal
proot 15 even here.



The coefficientof t"in (g, + at+ a* + ... +at"+ .. )b, + b+ b+ ...
+br+ . )isab+ab +...+ab _ +.. ab,lfthe two power series
represent G (1) and G (1), respectively, then @ = P(X=s) and b = P(Y = s) for
cach s, so that the coefhicient of ¢ in G () X G {f) can be written as

r

Yab_ =YP(X=s)xP(Y =r—5)

F=i

= il-"[.‘f =sand Y=r-— .x':ll
il

since X and Yare
=P(X+Y =r). 4 independent

Therefore
G, () =Gy {r}—EF{X#—‘r =rjtr =G, (1)
A neater argument is as follows.
G,,, (O)=E(*"Y)=E("")=E(t")x E(")
=G, ()XG, (1) —

since X and Yare
independent

Haeveeever, this rehies on the result chat it Xand Yoare independent, chen
E(f(X)x g(Y)) = E(f(X)) x E(g(Y))

tor any functions and g which 15 not proved mchis coarse.

If X and Y are two independent discrete random variables with PGFs G (1)
and G,.(t), then the probability generating function for X + Y'is given by

Gy, (1) = G (£) X G(t)
i.e. the PGF of the sum = the product of the PGFs.

This is known as the convolution theorein.

Example 5.8

A discrete random variable X (x =0, 1, 2) has PGF G (1) = L4+ _'1_?3 and
another discrete random variable Y (y =0, 1) has PGF G_(f) = 11 + 3.
Assunne that X and ¥ are independent.

[l  Find the PGF for X + Y,ie G, 0.

[il Show that E{X + Y) = E(X) + E(Y) and Var{X + Y) = Var(X) + Var(Y).

Solution

i) Gy ()= G (DX Gy ()= (4 F1+322)

)

DRI N IO o RS e
R ( 3 4”"3”(4 3+2“3)‘“ +(2“3]’
1.1,
L

4

3| b3
i) =

w Doz 1
+ 3512 + ¢t
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liil By dulerentiation
' y g B |50
G', {.r}— +1,G {r}—— and f-'.m-'[i’}—1+gf+§F'
: 1 (. 1= (o el
= E(X)=G ()=3+1=17 and E(¥)=G,(1)=3
. =1l,5,1_.,7
B(X 4+ T)=G o (f)= c 4215 =15
T (O e S ,
. — E(X)+E(Y)=13+3=175=E(X+Y)
E g By further differentiation
EE 1" 1 1AF 5
z: G", ()=1G", ())=0 and G"y, (r)=F+1
T
© ! " o 1 1 _ 11
g Var(X) = 6" (1) + G (1) = (G, (1) = 1+ 1 - (13] -1
3 : ooy BEEE
vetr1=65, 0+, 0- 0, =0+ §-{4 -3
o Var(X+Y)=G"_ (1)+G . (1)- { ,U,‘m}z
.~ -
- - n
- N 7 7 131
¥ '1E+‘ﬁ‘('_z) 144
<
@ : 1,2 131
= = Var(X)+ Var(Y) T 9—144—‘»’ar{x+‘t’}
o
ey

Extension to three or more random variables

LN R RN ]

The result, that the PGF of the sum of two independent random variables

is the product of the PGFs, can be extended to three or more variables. For
example, if X, Yand Z are three independent discrete random variables with
W Fe O - . . " " R T "

PGEs G (60, G () and G (1), then the probability generating function for
X+ Y+ Zis given by

Gyt vy oAl = G0 X G x G
It o independent discrete random variables all have the same PGE G, then
the probabilicy generating function for cheir sum is

(G{)"

LR RN R KN LR N

LR E R R ENEREENRENREH:]

Example 5.9 Find the prabability generating funcrion tor the total number of sixes when

[ive Loar dice are chrownn Dedoce the mean and variance,

L RN R R R NN

: Solution
When one die is thrown, a 6 occurs with pmbabilin -, therefore the PGF
for the number of sixes is G(f) = E + —! Therefore, w hc*n five dice are

thrown, the PGF for X, the total numb{.r of sixes 15 given by

6, 0= (G0 =2+ 1)

q

LK R LR N




Applving the results derived earlier.
G (1) = 5:~:(§+%:]1 X & = g(g%;f
G (1) = 4 X g(%%s]ﬁ xt=2 §+%x)l
" E{E]=G'EI}=%[§+%)4=% (asg+%=1]
and Var(X) = G"(1)+ G'(1) - (G'(1))* i
3R] 23] <342-2-2

Note

iR AR R

S3]qEIIBA WOPUES JUapuadapul Jo WNs ayj] £6

As X - B[5, F:l' the results that E[X] =5 xi and Var(X] =5 x El X g have been
verified. The proof for the mean and variance of X ~ Bln, pl is given later in
this chapter.

[E R R RN ENRNERNEMSRSEH:EH~..]

Example 5.10 Ciina regularly practises archery. The probability of her hitting the gold (the

: &
centre of the target) with any arrow is .

[il  Fiud the PGF G{ of the number o shots untl she hivs the goll for tae
[irst tine.

LR E RN KN RN

[il] Show that the PGF of the number of shots undl she hits the gold for
the second time is (G(r))°.

[iii)  Explain why the PGF of the number of shots until she hits the gold for
the £ time 1s (G(1)"

[EE R E R REENRERSHE]

Solution

[il  Let X represent the number of shots up o and including Gina’s first
rep p 1z :
srold, then the random variable X forins a geometric distribution with

= = %[%)_]

The PGF for X 15
0=+ B+

- (133 (3 +(3) -]

L LE N RN R KN
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lii] Let¥ reprosent the number of shots up to and incudimgs Gina’s second
gold. This is called a negative binomial distribution, given by the

vw=ﬂ={ ey @)

The PGF for Yis

tormula

e +2d) @) o) @)+ o @) -

) :1+z(%f]+3{af}f +4(2) 4.

- 3
|

=[3_‘J = G,

liiil  The number of shots required undl the k" success is equivalent to the
sum of k geometric distributions, so the PGF for chis sum 1s the product
of the PGFs, i.e. (G{f)"

n.4 The PGFs for some standard
discrete probability distributions

Lax]— ;_,,;.|._1.

1.a-‘a-|-—~

i
&
(3):

There are several standard discrete probability discributons chat are uselul lor
modellingr statistical data. Three of these, the biommad, the Poison and the
greometric disoributions, you have met and used before. In this final section
vou will see how the 1PGE is derived for each of these discrere distributions
and how it is used to provide neat proofs for the expectation, E{N), and
variance, Variy).

The binomial distribution

Let ¥ be the discrete random vanable with probability disoribution

0 | 1
q | p
The PGF forY is therefore Gl =g+ prand G{l) =g+ p= 1.

Now let the discrete random variable X be defined by X = Y + 1"’ + ...+ }"H,
where each Y has PGF G(f) = g + pt. Then X has PGF G (1), given b],

1'[’]_ (G {r} =(q+ pt)".

It 17 represents “success” and 0 represents falure’, chen X represents the

namber of successes” in g independene oals, for which the prohability of
success 13 p and rhe prabability ot failure is 4.



Therefore X ~ Bin, p) with PGF G (1) = (g + p1)".
Having established the PGE the mean and wariance mayv he proved.,

Diflerentatingr with respect Lo &

G, (1) = n{g + pt)*~' X p = np(q + pt)*”"

= G' (1) = nplg + p)~' = np
and G" (t)=(n—1Unplg+ pt)y" 2 x p=nln—1)p*(q+ pr)?
:
=3 G" (1) =n(n=1)p*q+ p) = n(n—1)p° i
PR
Therefore o
E(X) =G (1) =mnp : N
Var(X)=G" (N+ G (1) = (G (1)) = n(n=1) p* + np — (np)* ; E
o
=nip? —np? +np —n?p? %
=
= o= T
= np(1—p) = npq : E‘
1.e. E(X) = np and VariX) = npg  d
P =
. . . - -
The Poisson distribution +
-
Let X be a Potsson random vartable wath parameter A; chat 15, X ~ Po(A4), then : ‘5;1
the PGE for X is : §
« =
: o aits 2 Ay A2 i L=
Gy()=et+et xAte? X g2+ +etXprr+.. =
T
; . (Ar) At) - !
- e'd[1+ IRCIE gf} bt ,,r] +o.|=etxek =l 1 F
. L =
Having established the PGE the mean and varmnee may be proved. 2 Y
| itferenriating wich respect to
Gy(f)=Adel) = G, ()=4Ae"=4 ;
G" () =AM = G" (1)=A%" =A° :
Therefore .
EX)=C" (1)=24 :
Var(X)= G" (N+G' (D= (G, (1))2=A2+A-(A) =4 :
i.e. E(X)= Var(X)= 4
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While this iz a
useful extension
to the topic, it

15 heyvond the
requirements af
the Camkbridge
Internatianal
syllabus.

The Poisson approximation to the binomial

You muay koow that il X~ Biw, p), where » is large and p is small {for
exarnple, i = 150, p =002}, then a good approximaton to cthe distribution of
X1 X ~ Pold), where 4 = ap The PGS can be used to show chat the Poisson
distribution is the limir of the hinomial distriburion as s = e, p = Dand np
remaing fixed,

For the binomial distribution G{r) = (9 + pi)*, where g=1—p

— G(t)=(1—p+ pt) =1+ plt=1))",

But A= np = p= A/n, where A is fixed

= u(:}:(u‘”r"])".

I

N
Using the result that e* = lim (1 + %) as it — eo, the limit of G(f) as # — == is
given by

G(t) = Iim['i + R“”_ 1}] a8 1 —» oo = eAlt=1),

The geometric distribution

It a sequence of independent trals 1s conducted, for cach of which the
probabilicy of success 15 p and that of failure g (where g =1 — p), and the
random variable X is the number of the trial on which the first success
occurs, then X has a geometric distribution with P(X=fd=pgy ", r = 1.

The cortesponding PGF is given by
Git)=pt+ pgi> + pg2t* +..+ pg' 't +...

= pt[1+ gf + (q1)* +.,,+(q:}"' +...]

2 1 \__»pt
_’w(l—.j'r)_ 1—gt’

[hfferentiating wath respect to § using the quotient rule

wiy o Ug)Xp-ptx(=q) __ p ay=—P
% = ¢ (1—q) &

3 = 3
[| —u'j'f} {1 —q‘f}
ifferentiaring G wich respect to f, using the chain rale

2 2 2e
n = Eo -3 L — F"'I pLL e .I]':]r — .il
Gy = 2p(1 — qt)™ X (-q) (1—q1)? = G"(1)= {1 q]_i Y



le

F-{XJ=G‘II1)=$

Var(X) = G"(1)+ G'(1) = (G'(1))?

=£+1_(1]:=m=1
pt P \p p’ p*

E(X) :lF and Var(X)= ;_!?3

:

il A fair die is thrown repeatedly undil @ & occurs, Show thar the PGF
tar the number of throws required is given by

. f
G(t) = ——
(1) 6—5i
(1] Obrain the PGE for the number of throws requited to obtain two s
(nat necessarily cansecutively).

(il Caleulate the expected value and wariance of the number af throws
reqguired to obtain two sixes,

The probability distribunions of two independent randorn vartables, X
and ¥ are as follows.

1 2 3
0.6 0.4

1 Z 3
0.2 0.5 0.3

lil  Write down the PGFs for X and Y. Hence show that the PGF for
X+ Yis given by G{1) = £ (0.12 + (0.38¢ + 0382 + 0.128).

lii) Show that E(X + Y) = E(X) + E(Y)
and Var(X + Y) =Var(X) +Var(Y).
Tin o trallic census on g bwo-way stretch ol road, the number of velacles
per munute, X, travelling past a checkpomt i one dircctnon s modelled
v a Poisson discribution with parameter 3.4, and the namber af vehicles
per minute, ¥, travelling in the other divecrion is modelled by a Poisson
distribution with parameter 4.8, Le, X~ Poi3.4) and Y ~ Poi4.8),
(il Find the PGFs for both X and ¥
(il Show that EX) = Var{X) = 3.4,
(ii] Find the PGE for X+ Y the total number of vehicles passing the
checkpoine per minute, assuming that X and ¥oare independent.

(vl Demonstrare in two ways that BN+ ¥ = VariX + V) = 4.2,

Awsers fo pxercizes are aratlable at wune hadderedusation_com S cambridpeesxtras

-
L
L ]
-
-
-
L
-
L]
-
-
L
-
L]
L
-
-
L]
L]
L
L]
L)
-
L ]
L
-
L]
-
-
L
-
L]
-
L]
L
-
L]
L
-
L
-
L]
L
-
L]
-
L]
L
L ]
L)
-
L ]
L
-
L]
-
-
L
-
L]
-
-
L
-
-
-
L ]
L
-
L]
L
-
L
-
L]
L
-
-
-
L]
L
L]
L]
-
-
L
-
L]
-
-
L
-
L]
L
L ]
L
-
*
L
-
L
-
L]
L
-
L
-
L]
L
L ]
L]
-
L]
L
L]
L]
-
-
L
-
L]
-
-
-

suonngusip Aungeqoad 3)a4351p pUEPUEB]S WS J0) SH454 aYy] #'G




w
-
=
=
= |
b
8
=
S
= -
1T}
=
w
L
-
=
=
[44]
!
m|m
=]
(= 2
B
ey

IR E R EEREENESRE RS RN ESEE RN EREEREEERER RS R R RN ERRE RN R R EREERREENEERERERER R R R R ERERE R RN R R ERERE R RS R R EEREERRERRE R EREREERERERRERERSEH:RHN.]

A mame conststs of relling two dice, one six-sided and the other four-
sidied, and adding the scores together. Both dice are far; the firse is
mimbered 1 to & and the second is numbered 1 o 4.

Show that the PGF of 2, whete Z s the sum of the scores on the two

dice, 1
([f]=i I—J"}{l—.r}
24 {] —t)
(il The random wartable X can take values 1,2, 3, _.. and s PGE 35 (57

Show that the probability that X is even is given by 3'{1 + G{=1)).

il For each ol the [ollowing probability distribulions, state the POF
arl, from ths, hind the probabality that the outcome 15 evern.

[al  The total score when two ordinary dice are thrown.
lbl  The number of attempts it takes Kerry to pass her driving test,
eiven that the probability of passing at any attempt is 3
Two people, A and B, fire alternately at a rarget, the winner of the game
being the first to hit the target. The probability that A hits the target with
any particular shot is 1 and the probability that B hits the targer with any

3

particular shot is =

Crven that A Diees first, Dind:
] the probability that B wins the game with his fiest shot
li]  the probabihty that A wans the game with his second shot
Hill the probability chat A wins che game.
liv] The total number of shoes fired by A and 13 1z denoted by the

random variable R, Show that the probability generating function of

E s given by

5¢ + 32
Gl I3
(1) = 353

Find E(R).
[i]  The variable X has a Poisson distribution with mean A. Write down
the value of P(X =) and the PGF for X in the form G (i) =
[il] The variable Y can only take values 2, 3,4, ... and 1s such that
P(Y =r) = EP({X = r), where k15 a constant and r > 1. Find the value
of k.
Hill Sherw that the PGE of ¥ s given by
- At =1
—A-1
[iv] Calculate E(Y) and show that Var(Y) = (?][13::5' +¥ - }'-IT}, where
p=E(Y)and y= Ale* = 1).

(.-T[:.I'}_

Two duellists take alternate shots at each other unal one of them scores
a *hit’ on the other. If the probability that the first duellist scores a *hit’ is

1 1
and the probability that the second scores a *hic’ is 3 find the expecred
number of shots before a hit.



10

KEY POINTS

Independent trals, on cach of which the probability of a success” 1s

p (0= p < 1), are being carried out. The random variable, X, counts the
number of trials up to bur nor including that on which the first ‘success’ is
obtained.

[l Write down an expression lor P{N = &) for x =10 1,2, .., and show
that the probability generanngr funcnen of X s

__F
= 1—qt
where g=1—p.
[ii] Use Gii) we [nd the mean and variance of X

The independent random variables W, X and Y have Poisson
distributions with parameters A A and ﬂ.y respectively.

[i]  Write down cxprossions for P{H = w), X =47 and P{Y = y).
lill  Write down the PGE of the randon variables 4] X and ¥ Henee
obtamn the PG of 2= W+ X +Y.
[liii] Use this PGF w Lind
al P{H + X+ Y=k, where k15 2 non-nesative integeer
bl the mean of F+ X+ Y
le]  the variance of W+ X+ ¥

[ EE R R R E R RN RS R RN E R R R N RN R R N R R R RN R R R R R R R R R R R R R RN RN R R AN E R R N RN RN NN NN

1

o W M

For a discrete probabilicy distribution, the probability generating
funcrion {PGE) is defined by

G(r) = E(r¥) = X rp,,
where p = P(X = x).
The sum of probabilities =1 — G{1)=1.
Expectation: E(X) = G'(1) = p.
Variance: Var(X) = G"(1) + G'(1) = (G'(1))> = G"(1) + u — 1.
Special probabahity grenerating funclons

M :
Binomial [ }j:'q"" (q+ pt)’ np P
r
Poi A Ale-1)
oisson o) gl A A
: - [H l q
Geometric g T— gt 7 PE

Far twa independent randam variables XN and v

Gy iy ()=G ()X G, (1)

Awpswers fo pxercizes are qeallable at wune hoddereducation_com S cambridpeesctras
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Now you have lnished this chapler, vou should be able 1o

m uderstand the concept of o probabilivy generating unction (PGF)

B construct and use the POF tor svven dstributions (mcluding the
discrete unitorm, binomial, geometric and Poisson distributions)

B use formulac for che mean and vanance of a discrete random vanable
in terms of irs PCF

B use formulae for che mean and variance o caleulace the mean and
variimce of 4 gven probability distribution

m  use the resull that the PGE of the sum of independent random
vartables 15 the product of the PGEs of those random varables.

N
=z
o
=
=
e
3
=
g
o
™
=
L
(L)
>
=
=
m
=
m
Qo
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a
L
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